Numerical simulation of steady and pulsatile flow through smoothly constricted tube by LI GENGCAI
  
 
NUMERICAL SIMULATION OF STEADY AND PULSATILE  

















NATIONAL UNIVERSITY OF SINGAPORE 
2004 
   
  
NUMERICAL SIMULATION OF STEADY AND PULSATILE  








LI GENG CAI 






A THESIS SUBMITTED 
FOR THE DEGREE OF MASTER OF ENGINEERING 
DEPARTMENT OF MECHANICAL ENGINEERING 






During the two years of studying at the Department of Mechanical Engineering of 
National University of Singapore, many people have helped me and taught me 
through my study. I would like to thank the individuals who deserve special thanks. 
First, I would like to express my deepest appreciation to my academic supervisor, 
Associate Professor T. S. Lee, for his constant guidance, support, inspiration, 
encouragement and humor during my study at NUS. His endless help and enthusiastic 
direction is valuable for the research to succeed when difficulties were encountered at 
the beginning of this research. This thesis would not have been possible without his 
guidance and inspiration. Together we came up with a quite interesting and 
challenging research topic.   
I wish my sincere appreciation to my co-supervisor, Associate Professor H. T. 
Low, for his suggestion of the dissertation topic, and for his constant encouragement 
and support for this project.  
There is no word that can express my thanks to my parents and my family for 
their continuous support and encouragement, which are the most important factors for 
me to study here. 
Finally I thank all the people in the department who have provided me help and 
friendship for the past two years. I would like to thank the Department of Mechanical  
Engineering for the pleasant and stimulating environment in which to work.  
I would like to offer my many thanks to the National University of Singapore to 
give me a chance to continue my studies. The research scholarship provided by NUS 




TABLE OF CONTENTS 
 
ACKNOWLEDGEMENTS 
TABLE OF CONTENTS 
SUMMARY 
NOMENCLATURE 
LIST OF FIGURES 
LIST OF TABLES 
 
1.    INTRODUCTION 
1.1 Background 
1.2 Literature Survey 
1.2.1 Steady flow in tube with constriction 
1.2.2 Pulsatile flow in tube with constriction 
1.3 Objectives and Scope  
1.4 Outlines of Thesis 
 
2.    GOVERNING EQUATIONS AND NUMERICAL PROCEDURE 
2.1 Governing Equations 
2.2 Numerical Procedure  
2.3 Boundary Conditions 
2.3.1 Steady flow 
2.3.2 Pulsatile flow 
2.4 Geometrical Models 

























3.    NUMERICAL STUDY ON STEADY LAMINAR FLOW  
THROUGH SINGLE CONSTRICTION 
3.1 Entrance Laminar Flow Development in a Straight Tube 
3.2 Steady Flow through the Cosine Curve Constricted Tube 
3.2.1 Geometrical configuration 
3.2.2 Comparison between present results and available data 
3.3 Steady Flow through Axisymmetric Constricted Tube  
3.3.1 Geometrical configuration 
3.3.2 Effects of the separation and reattachment points 
3.3.3 Effects of dimensionless pressure drop  
3.3.4 Effects of maximum wall vorticity 
3.3.5 Effects of distribution of dimensionless pressure 
3.3.6 Effects of distribution of wall vorticity 
3.4 Steady Laminar Flow through Asymmetric Constricted tube 
3.4.1 Geometrical configuration 
3.4.2 Effects of stream function contour  
3.4.3 Effects of distribution of wall vorticity 
3.4.4 Effects of pressure drop at wall and centreline 
3.4.5 Effects of dimensionless centreline axial velocity 
3.4.6 Effects of Reynolds number and constriction ratio 
3.5 Concluding Remarks 
 
4.    NUMERICAL STUDY ON PULSATILE LAMINAR FLOW  
THROUGH SINGLE CONSTRICTION 
4.1 Unsteady Entrance Flow Development in a Straight Tube 



























4.2.1 Geometrical configuration 
4.2.2 Pulsatile flow configuration 
4.2.3 Basic case: Re =100, Wo =12.5, A=1, C =1/2, ls =2 
4.2.4 Effects of Reynolds number 
4.2.5 Effects of Womersley number 
4.2.6 Effects of pulsatile amplitude 
4.2.7 Effects of constriction ratio  
4.2.8 Effects of constriction length  
4.3 Concluding Remarks 
 
5.    NUMERICAL STUDY ON PULSATILE LAMINAR FLOW  
THROUGH SERIES CONSTRICTIONS 
5.1 Various Pulsatile Flow through Series Constrictions 
5.1.1 Geometrical configuration 
5.1.2 Pulsatile flow configuration 
5.1.3 Development in whole pulsating cycle 
5.1.4 Effects of wall vorticity distribution 
5.1.5 Effects of pressure drop 
5.1.6 Comparison of various pulsatile flow 
5.2 Physiological Pulsatile Flow through Various Series Constrictions 
5.2.1 Geometrical configuration  
5.2.2 Pulsatile flow configuration 
5.2.3 Effects of Reynolds number  
5.2.4 Effects of Womersley number 



























5.3 Concluding Remarks 
 
6.    CONCLUSIONS AND RECOMMENDATIONS 
6.1 On the Numerical Procedure 
6.2 On the Steady Laminar Flow through Single Constriction 
6.3 On the Pulsatile Laminar Flow through Single Constriction 
6.4 On the Pulsatile Laminar Flow through Series Constrictions   



















Numerical simulations have been carried out for steady and pulsatile laminar flow 
in tubes with smooth single constriction and series constrictions. The second-order 
finite volume method has been developed to solve the fluid flow governing equation 
on a non-staggered Cartesian co-ordinates non-orthogonal grid. This method is 
assessed by comparing its solutions with the experimental data and other numerical 
results reported in the literature.  
Effects of Reynolds number, constriction ratio, constriction length and shape of 
constriction curve on flow property have been numerically investigated for steady 
laminar flow through single constricted tube. The most important factors, which 
influence the pressure drop, wall vorticity and the formation of recirculation eddy 
across constriction, are the Reynolds number and the constriction ratio. The length of 
constriction shows an obvious effect on the flow when other factors are under the 
same conditions.  
Effects of Womersley number, Reynolds number, pulsatile amplitude,  
constriction ratio and constriction length on the pulsatile flow have been numerically 
studied for different types of sinusoidal fluctuated pulsatile flow through single 
constricted tube. The recirculation region and the recirculation points in pulsatile 
flows change in size and location with time due to the variation of the instantaneous 
flow rate. There is no constant flow stationary point in the pulsatile flow. The 
variation of Reynolds number can greatly influence the flow patterns. The peak values 
of wall vorticity are not greatly affected by the variation of the Womersley number. 
The higher pulsatile amplitude can cause peak wall vorticity to increase sharply. The 




Compared with other variables, the constriction length does not put a significant 
impact on the flow instantaneous streamline behaviors.  
Three types of pulsatile flow, namely the physiological pulsatile flow, equivalent 
physiological flow and sinusoidal pulsatile flow have been numerically simulated and 
comparatively studied for the flow through series constricted tube. The comparison of 
the results shows that the behaviors of the three flows are similar at some instances of 
time. However, important observed differences indicate that for a thorough 
understanding of pulsatile flow behavior in stenosed arteries, the actual physiological 
flow should be simulated.  
The physiological pulsatile flow through various series constricted tube have been 
numerically studied to investigate the effects of the Reynolds number, the Womersley 
number and the constriction ratio. At the instants where the net flow rate is zero, the 
recirculation zones always prefer to simultaneously occur proximal, distal to the 
constrictions and in between the constrictions. The Reynolds number puts a 
significant impact on the flow behaviors for the physiological pulsatile flow. The flow 
fields can be greatly affected by the flow rate at previous instants for the higher 
Womersley number. The constriction ratio can greatly affect the characteristics of the 
flow field. The severe second constriction can cause the additional vortex distal of 
second constriction at flow rate being zero or nearly being zero, and two peak wall 


































the pulsating amplitude; the coefficient of matrix  
tube radius  
the dimensionless constriction ratio 
the flux  
the unit vectors along the z- direction 
the unit vectors along the r- direction 
total length of the tube  
the dimensionless distance to the centre of constriction 
from the inlet of tube 
downstream length of the asymmetric constriction 
the dimensionless length of the constriction 
upstream length of the asymmetric constriction 
mass flux 
the unit vector orthogonal to surface pointing outward  
from close control volume 
pressure, dimensionless pressure 
the source terms; the flow rate 
the mean flow rate 
radial co-ordinate, dimensionless radial distance 
Reynolds number 
the surface of  closed control volume; the constriction 
spacing 































N, E, S, W,  
NE, NW, SE, SW 
time period of pulsatile flow 
time co-ordinate, dimensionless time, time step 
radial velocity component, dimensionless radial velocity 
axial velocity component, dimensionless axial velocity 
centerline velocity at inlet for steady flow 
mean velocity for pulsatile flow  
Womserley number 
the entrance length 
axial co-ordinate, dimensionless axial velocity 
 
 
fluid dynamic viscosity 
fluid density 
a vector function 
a scalar quantity to represent and ,  zv vr p  
closed control volume 
 




control volume center point 
auxiliary nodes 
 
intersection point of the cell face and straight  
lines connecting nodes C and E. 
inflow boundary 
 





n, e. s. w 
ne, se, nw, sw 
m 







n, e, s, w 
center point of the control volume faces 
control volume corner node  
mean value 
pertaining to the radial and axial directions, respectively 
 
 
dimensionless variable  
convective terms 
diffusion terms 
general control volume face  
control volume face corresponding to their direction 
 
Flow type:  
Steady flow: 






Sinusoidal fluctuated flow: 
the incoming flow does not change with time  
a type of pulsatile flow simulating blood  
recirculation 
a type of pulsatile flow that has the same stroke 
volume as the physiological flow profile 
the simplest pulsatile flow with sinusoidal  
waveform  






Model G1 : 
Model CO: 
single constriction with the symmetric cosine curve  
single constriction with the Gaussian distribution curve 




Model C24, C42: 
Series constrictions: 
asymmetric constriction( nozzle type)  
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The problem of fluid motion in a given domain whose boundaries do not only 
consist of solid impermeable parts but also include the inflow and outflow parts we 
will call the ‘flowing-through’ problem (Moshkin and Mounnamprong, 2003). This 
problem is rather interesting for its applications, especially the flows inside 
constricted tubes are encountered in many engineering situations, for example fluid 
flow in pipes with fittings (Lee et al. 1997), fluid flow in heat exchangers (Suzuki et 
al. 1993), blood flow in arterial stenoses (Kleinstreuer, 1997), etc. 
The research study and engineering application of pulsatile fluid flows have been 
established as a major branch of fluid dynamics. The research work on pulsatile flow 
includes wind energy conversion systems (Azoury, 1992), liquid and solid bulk 
transportation (Masry and Shobaky, 1989) and biomedical flow phenomena (Tucker, 
2001). The principle of pulsatile laminar flow has been applied to practical heat 
transfer devices, since heat transfer can be enhanced at the incipience of flow 
instability (Niceno and Nonile, 2001). In biomedical engineering, the pulsatile flow 
has attracted more and more attention in the investigation of intracardiac flow 
(Nichols and O’Rourke, 1997) and blood vessel stenosis flow in recent years as 
mentioned in Ku (1997) and Berger and Jou (2000).  
It is possible to simulate the flows in constricted tube by the numerical solution of 
unsteady Navier-Stokes equations [Tannehill et al. (1997), Wesseling (2001)]. A 
considerable number of numerical algorithms have been developed for the solution of 
this equation. Although a large number of investigations has led to better 
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understanding of the flow disturbances induced by a constriction or multiple 
constrictions, most of the theoretical, numerical and experimental studies have been 
performed under different simplifying assumptions, for example, the liquid is 
homogeneous and its viscosity is the same at all rates of shear, it behaves as a 
Newtonian liquid, the liquid does not slip at the wall, the flow is laminar, the tube is 
long compared with the region being studied, the tube is cylindrical in shape, the 
cross-section of the tube is circular, and the walls of the tube are parallel, the vessel 
will be considered straight and the tube is rigid.  
Computer simulation will have a good portion of the credit in handling the 
complex pulsatile fluid flow problems. The present work will be concentrated on a 
systematic investigation of laminar steady and pulsatile flow through axially 
symmetric rigid constrictions in a tube, with fluid as a Newtonian fluid in circular 
tube with single constriction or multiple constrictions.  
 
1.2 Literature Survey 
1.2.1 Steady flow in tube with constriction 
An earlier numerical work on this type of problem was done by Lee and Fung 
(1970) to study the flow in locally constricted tubes in the Reynolds number range 0-
25. A bell-shaped constriction was specified by a Gaussian normal distribution curve 
was used. The numerical schemes were vorticity-stream function method coupled 
with conformal mapping. Deshpande et al. (1976) presented steady laminar flow 
through cosine-shaped vascular stenoses for Reynolds number up to 2000. The 
dimensionless constriction ratios were adjusted from 0.333 to 0.667 with the 
dimensionless constriction length of 1, 2 and 4, this form corresponded to that 
employed experimentally by Young and Tsai (1973). The vorticity-stream function 
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equations were transformed to apply the boundary condition on the infinite region.  
Fukushima et al. (1982) investigated numerically the mechanics of blood flow 
through arterial models with one or two sinusoidal stenoses. Numerical analysis was 
performed by an integral-momentum method at a Reynolds number within a 
physiological range (<400). O’Brien and Ehrlich (1985) studied a smooth isolated 
occlusion in a straight vascular tube for Reynolds number 100. Their calculations 
were finite-difference approximate solutions to the unsteady vorticity transport 
equation with the physical median plane conformally transformed to a rectangular 
computation plane.  Lee (1990, 1994, and 2002) studied steady laminar flow fields in 
the neighborhoods of two consecutive constrictions in a tube for approaching 
Reynolds number in the range of 5 to 400. The dimensionless diameter constriction 
ratios were allowed to vary from 0.2 to 0.6 for double bell-shaped constrictions with 
the dimensionless spacing ratios of 1, 2, 3 and infinite. The physical domain of the 
double bell-shaped constricted tube is first transformed into a rectangular solution 
domain using a generalized mapping function; a progressively dense mesh was 
adopted near the wall region to carefully track the flow information near the wall 
region. The vorticity transport equation, vorticity-stream function equation and 
pressure Poisson equation were used to describe flow field. Siegel et al. (1994) solved 
the steady hemodynamic flow field for a cosine shaped stenoses with variable area 
reductions over a range of physiological Reynolds numbers (100-400). Flow was 
determined using a spectral element method for computational fluid dynamics and 
included a smooth wall condition that does not exhibit the geometrical discontinuities 
seen in piecewise linear approximations of stenosis shape. A scaling law was 
developed for the wall shear rate through the stenosis. Damodaran  et al. (1996) 
studied numerically the flow field through tubes with multiple 75% area reduction 
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bell-shaped constrictions over a range of Reynolds numbers between 50 to 250. The 
tube with constrictions was mapped into a rectangular domain. The problem was 
solved by transforming the Navier-Stokes equations from cylindrical co-ordinates into 
curvilinear co-ordinates and using a staggered grid finite volume numerical method. 
Reese and Thompson (1998) investigated blood flow in arterial conical stenosis up to 
Reynolds numbers of 1000. A momentum integral model was developed for the 
calculation of shear stresses in stenoses. The agreement with shear stresses reported 
by other researchers using computational fluid dynamics was within 13% rms. 
Zendehbudi and Moayeri (1999) presented the numerical solutions for laminar blood 
flows through cosine stenosed arteries up to Reynolds number 250. Navier-Stokes 
equations were transformed for using in the computational plane because of the 
complexity of the flow geometry. Discretized forms of the transformed equations are 
obtained by a control volume formulation in a staggered grid. The resulting equations 
were solved using the SIMPLER algorithm. Liao et al. (2002) studied steady laminar 
flow fields in the neighborhoods of three consecutive constrictions in a tube for 
approaching Reynolds number in the range of 5 to 400. The dimensionless diameter 
constriction ratios were allowed to vary from 1/3 to 2/3 for triple bell-shaped 
constrictions with the dimensionless spacing ratios of 1. The physical domain of the 
triple bell-shaped constricted tube is first transformed into a rectangular solution 
domain using a generalized mapping function; a progressively dense mesh was 
adopted near the wall region to carefully track the flow information near the wall 
region. The vorticity transport equation, vorticity-stream function equation and 
pressure Poisson equation was used to describe flow field. More recently, Lee et al. 
(2003) studied numerically the flow fields in the neighborhoods of series vascular 
stenoses for Reynolds numbers from 100 to 4000. The dimensionless diameter 
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constriction ratios were allowed to vary from 0.2 to 0.6 for series bell-shaped 
constrictions with the dimensionless spacing ratios of 1, 2, 3, 4 and infinity. The 
stenosed tube was translated into a rectangular solution domain in a curvilinear co-
ordinate system. The solution procedure was based on the method of artificial 
compressibility with implicit LU-SGS and used a decoupled approach to solve the 
Reynolds-averaged Navier-Stokes equations and k-ω turbulence model equations 
( Lee et al., 2001).  
 
1.2.2 Pulsatile flow in tube with constriction 
Berger and Jou (2000) reviewed the modeling studies and experiments on steady 
and unsteady, two- and three- dimensional flows in arteries, and in arterial geometries 
most relevant in the context of atherosclerosis. They also discussed the work that 
elucidated many of the pathways by which mechanical forces, primarily the wall 
shear stresses, were transduced to effect changes in the arterial wall at the cellular, 
subcellular and genetic level. Mittal et al. (2001, 2003) applied the technique of large-
eddy simulation (LES) to the study of pulsatile flow through a modeled arterial 
stenosis. The inlet volume flux was varied sinusoidally in time in a manner similar to 
the laminar flow simulations of Tutty (1992). LES was used to compute flow at a 
peak Reynolds number of 2000 and a Strouhal number of 0.024. Liu and Yamaguchi 
(2001) numerically studied the pulsatile influence on vortical fluid dynamics in the 
terms of waveform dependence on physiological pulsation with a two-dimensional 
model of unsteady flow in a stenosed channel. Bertolotti et al. (2001) simulated three-
dimensional unsteady flows through coronary bypass anastomosis by means of both 
experimental and finite element methods. The host artery included a stenosis shape 
located at two different distances of grafting. Mahapatra et al. (2002) numerically 
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solved unsteady Navier-Stokes equations by finite-difference technique in staggered 
grid distribution for a flow through a channel with locally symmetric and asymmetric 
constrictions. For flow through symmetric constriction the centerline vertical velocity 
exhibited finite oscillation behind the constriction at high Reynolds number. 
Mallinger and Drikakis (2002) presented  a computational investigation of instabilities 
in pulsatile flow through a three-dimensional stenosis. The instability was manifested 
by asymmetric flow patterns, though the stenosis is axisymmetric, large flow 
variations in the cross-sectional planes, and swirling motion in the poststenotic region. 
Liao et al. (2003) studied numerically the physiological turbulent flow fields in the 
neighborhoods stenosed arteries for Reynolds numbers from 1000 to 4000. The 
dimensionless diameter constriction ratios were allowed to vary from 0.375 to 0.6 for 
bell-shaped constriction. The Womersley number are varied from 6 to 50. The 
stenosed tube was translated into a rectangular solution domain in a curvilinear co-
ordinate system. The solution procedure was based on the method of artificial 
compressibility with implicit LU-SGS and used a decoupled approach to solve the 
Reynolds-averaged Navier-Stokes equations and k-ω turbulence model equations. The 
comparison of the numerical solutions to three types of pulsatile flows, including a 
physiological flow, an equivalent pulsatile flow and a simple pulsatile flow, are made. 
The comparison of the three pulsatile turbulent flows showed that the flow 
characteristics cannot be properly estimated if an equivalent or simple pulsatile inflow 
is used instead of actual physiological one in the study of the pulsatile flows through 
arterial stenosis. Li et al. (2003) systematically investigated laminar pulsatile flows in 
circular pipe with multiple Gaussian normal distribution curve type of constrictions. 
The base flow is uniform steady flow with an imposed sinusoidal fluctuation. 
Numerical simulation and visualizations of the flow fields is through a finite volume 
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method performed for low Reynolds numbers. For this study, the first constriction 
ratio is set at 1/2 and the second constriction ratio at 1/3. The results were presented 
and visualized through a series of developing streamlines contours and wall shear 
stress distributions. Li et al (2004) numerically studied three types of pulsatile laminar 
two-dimensional fluid flows, including physiological flow, sinusoidal pulsatile flow, 
equivalent physiological flow, through multiple constricted tube. The Navier-Stokes 
equations are solved by using finite volume method in two-dimensional boundary-
fitted Cartesian co-ordinates non-orthogonal grids. This method is assessed by 
comparing its steady state solutions with the experimental data and other numerical 
solutions reported in the literature. The Reynolds number is 100, the Womersley 
number is 12.5, the parameter values are within the range of physiological interest. 
The two constrictions have the same constriction ratio as 1/2. The flow pattern with 
the distributions of pressure and shear stress at the wall are computed. The 
dependence of the flow on the dimensionless parameters had been investigated. 
 
1.3 Objectives and Scope  
Although numerous investigators have contributed to the understanding of steady 
and pulsatile flows in a rigid pipe with a constriction, the knowledge in this area is 
still far from complete. Conclusions from the literature survey are as follows: 
1) A systematic study is required on the investigation of laminar steady flows in a 
pipe with smoothly curved constriction, to study the effects of Reynolds 
number and constriction opening ratio. 
2) There are a few works on the laminar pulsatile flows, especially on comparison 
of different types of pulsatile flow. 
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3) There are very few works on the laminar pulsatile flows in a pipe with series 
smoothly curved constriction, especially on the numerical simulations. 
Following on what has been published, the main objectives of the present work 
are: 
1) To study numerically the laminar steady flows in a pipe with various smoothly 
curved symmetrical and asymmetrical constrictions, which include the 
investigation on the effects of Reynolds number, constriction opening ratio, 
constriction length and the constriction shape. 
2) To study numerically different types of laminar pulsatile flow in a pipe with a 
smoothly curved constriction and investigate the effects of the Womersley 
number, the Reynolds number, the pulsating amplitude, constriction ratio and 
constriction length on the flow property. 
3) To study numerically different types of laminar pulsatile flow in a pipe with 
smoothly curved series constrictions and to investigate the effects of 
Womersley number, Reynolds number and constriction ratio of the series 
constrictions.  
In the present study, the liquid is homogeneous and its viscosity is the same at all 
rates of shear, and it behaves as a Newtonian liquid. The liquid does not slip at the 
wall. The flow is laminar. The tube is long compared with the region being studied, 
the tube is cylindrical in shape, the cross-section of the tube is circular, and the walls 
of the tube are parallel, the tube will be considered straight. The tube wall is rigid.  
 
1.4 Outlines of Thesis 
A numerical method for solving the flow governing equations on the two-
dimensional boundary-fitted Cartesian co-ordinates non-orthogonal grids is developed 
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in Chapter 2. The numerical study of the laminar steady flows in a pipe with various 
smoothly curved constrictions is presented in Chapter 3. A comparison on different 
types of laminar pulsatile flow in a pipe with a smoothly curved constriction is 
presented in Chapter 4. The numerical study of different type of laminar pulsatile flow 
in a pipe with series smoothly curved constrictions is carried out in Chapter 5. Finally, 
the conclusions are presented in Chapter 6. 
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Chapter 2 
GOVERNING EQUATIONS AND  
NUMERICAL PROCEDURE 
 
2.1 Governing Equations 
For axially symmetric flow of incompressible and Newtonian fluid with constant 
fluid properties, the continuity and Navier-Stokes equations in two-dimension 
cylindrical co-ordinates ( ,  can be written in differential conservation form as 
follows (Bird et al., 2002). 
)r z
Continuity equation: 
 ( )1 0r zrv v
r r z
∂ ∂+ =∂ ∂  (2.1) 
       r-direction momentum equation: 




  ∂∂ ∂ ∂ ∂ ∂ ∂+ + = − + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂   
 (2.2) 




1 1z z z z
r z
v v v p v vv v r
t r z z r r r z
µ
ρ ρ
z ∂ ∂ ∂ ∂ ∂ ∂ ∂ + + = − + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂  
 (2.3) 
where r and z are the physical co-ordinates with the z-axis located along the axis of 
symmetry of the tube. Figure 2.1 shows the physical solution domain and 
computational solution domain of flow through typical constricted tube. No secondary 
or swirling flows have been allowed so that the total velocity is defined by vr and vz , 
the radial and axial components. The pressure, density and dynamic viscosity are 
denoted by p, ρ  andµ , respectively.  
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Experimental studies of flows are often carried out on models, and the results are 
displayed in dimensionless form, thus allowing scaling to real flow conditions. The 
same approach can be undertaken in numerical studies as well. The governing 
equations can be transformed to dimensionless form by using appropriate 
normalization.  
For unsteady pulsatile flow, taking the tube radius ( )0a , the mean velocity at inlet 
and the time period of the pulsatile flow ( 0v ) ( )0t as the characteristic length, velocity 
and time respectively, the following non-dimensional variables are defined 
 2
0 0 0 0 0
* , * , * , * , * , *r zr z
v vr z tr z v v t p
a a v v t 0
p
vρ= = = = = =  (2.4) 
If the fluid properties are constant, the dimensionless continuity and Navier-
Stokes equations become, omitting the asterisk (*) for simplicity, 
                                                             
( )1 0r zrv v
r r z
∂ ∂+ =∂ ∂                                        (2.5) 







rvv v v vpv v
t r z r r r r z
St r
  ∂∂ ∂ ∂ ∂∂ ∂+ + = − + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂   






z z z z
r z
v v v v vpSt v v r
t r z z r r r z
z ∂ ∂ ∂ ∂ ∂∂ ∂  + + = − + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂  
 (2.7) 
where the Reynolds number and the Strouhal number are defined as 





=  (2.9) 
The Womserley number is an indication of the main frequency of the pulsatile 
flow, it is related to the Reynolds number and the Strouhal number as 
 Wo 2 Re Stπ= ⋅ ⋅  (2.10) 
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For steady flow, taking the tube radius ( )0a  and the centerline velocity at inlet 
 as the characteristic length and velocity respectively, the following non-
dimensional variables are defined 
( 0v )
 2
0 0 0 0 0 0




v vr z tr z v v t p
a a v v a v 0
p
vρ= = = = = =  (2.11) 
The dimensionless continuity and Navier-Stokes equations become, omitting the 
asterisk (*) for simplicity, 
( )1 0r zrv v
r r z








rvv v v vpv v
t r z r r r r z
r







z z z z
r z
v v v v vpv v r
t r z z r r r z
z ∂ ∂ ∂ ∂ ∂∂ ∂  + + = − + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂  
 (2.14) 
where the Reynolds number is defined as 
 0 0Re v aρ µ=  (2.15) 
 
2.2 Numerical Procedure  
The finite volume method is used to discretize the governing equation on a non-
staggered Cartesian co-ordinates non-orthogonal grid. The continuity and Navier-
Stokes equations (2.1), (2.2), (2.3) can be treated partly as scalar equations, and are 
integrated over a finite number of small control volumes (CV) by applying the Gauss’ 
divergence theorem,    




              
       
r r z rS
r r r
S
v d v v v dS
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v v vpd dS





∂ Ω+ + ⋅∂









                 
z z z rS
z z
S








∂ Ω+ + ⋅∂






where Ω  is the closed control volume that is bounded by the surface S, n is the unit 
vector orthogonal to S pointing outward from Ω , i and j are the unit vectors along the 
z- and r- direction, respectively. Figure 2.2 shows the grid arrangement and notation. 
The midpoint rule approximation of the surface and volume integrals is used. The 
derivative ∂ ∂ is calculated using Gauss’ divergence theorem. The divergence 
of a vector function Φ =
/ ,  /z ∂ ∂r
rzΦ +Φi j  in cylindrical co-ordinates is given by 
 ( )1 rz r
z r r
∂ Φ∂Φ∇⋅Φ = +∂ ∂  (2.19) 
Approximating the quantity at the CV center C by the average value over the cell 




Ω ∇ ⋅Φ Ω   ∂Φ ∂Φ Φ ∇ ⋅Φ = + + ≈     ∂ ∂ ∆Ω    
∫  (2.20) 





      
3 3
ne sw se ne sw nw
se nw
nw se ne nw se sw
ne sw nw se
r r r r r rz z r
r r r r r rz z
+ + + + ∆Ω = ⋅ − ⋅ ⋅ −  




Transforming the volume integral in the above equation using Gauss’ divergence 
theorem into a surface integral 
 ( )
, , , , , ,
f f
z z r rS
f e n w s f e n w s
d dS SΩ = =
∇ ⋅Φ Ω = Φ ⋅ ≈ Φ + Φ f fS∑ ∑∫ ∫ n  (2.22) 
where f denotes cell faces, ,  f fr SzS  are the - and r z -component of the cell face 







z c ne se
e
r c se ne
S S S
S r r r








the same approach applies to other faces, only the indices are changed.  
Let ,  0z rφΦ = Φ = , φ  is a scalar quantity to represent v and ,  z vr p , the 
derivative / zφ∂  at the CV center is  ∂
 , , ,
f f
z




φφ =∂  ≈ ∂ ∆Ω 
∑
 (2.24) 
Let ,  0r zφΦ = ,  Φ =
 , , ,
f f C
r




φ φφ = − ∆∂  ≈ ∂ ∆Ω 
∑
 (2.25) 
where  is cell back or front face area, S∆
 ( )( ) ( )( )
2
ne sw nw se ne sw nw sez z r r r r z zS
− − − − −∆ =  (2.26) 
The mean value of the transported variable at the CV face e is the value at the 
centre of the cell face. It is expressed in terms of the nodal values and its gradient by 
employing the central differencing scheme (CDS), which implies linear interpolation 
between nodes E and C.  
 
( ) ( )ie C E iee E C e ie e ie
ie ieE C E C
ie C E ie
ie E CE C E C
z z z z z z r r
z z z z z r
z z z z
z z z z z z z
φ φφ φ φ
φ φ φ
− − ∂ ∂   = + + − + −   − − ∂   
− −∂ ∂ ∂     = +     ∂ − ∂ − ∂     
∂
 (2.27) 
where node ie lies at the intersection of the cell face and straight lines connecting 
nodes C and E.  
With these definitions the expression for the mass flux becomes 
 ( ) ( )
e
e e e e
e z r z zS
m v v dS S v Sρ ρ= + ⋅ ≈ +∫ i j n r rv  (2.28) 
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 ∂ ∂ ∂ ∂     = + ⋅ = +      ∂ ∂ ∂ ∂      






The gradient of the variable at the cell face centre are calculated with second order 
approximations by using values at auxiliary nodes C’ and E’, which lie at the 
intersection of the straight line in parallel to line CE and through the cell face centre 
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∂∂ Ω = ∆Ω∂ ∂
∂ ∂ Ω = ∆Ω ∂ ∂ 
Ω = ∆Ω
∂∂ Ω = ∆Ω∂ ∂







The midpoint rule approximates a volume integral by the product of the CV centre 
value of the integrand and the CV volume. 
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Finally, equations (2.17), (2.18) and (2.16) can be rewritten as an algebraic 
equation of the form 
  (2.33) 
r r r r r r
z z z z z
C C E E W W S S N N C
v r v r v r v r v r v
C C E E W W S S N N C
v z v z v z v z v z v
C C E E W W S S N N C
p p p p p
A v A v A v A v A v Q
A v A v A v A v A v Q
A p A p A p A p A p Q
+ + + + =
+ + + + =
+ + + + =
z
p
where A is the coefficient, Q is the source that contains all the terms which do not 
contain unknown variable values. For the solution domain as a whole, the strongly 
implicit procedure (SIP) method (Stone, 1968) is used for the resulted matrix 
equations  
 
{ } { }
{ } {









  = 
  = 




The coupled series equations for v  and p are solved by SIMPLE (semi-
implicit method for pressure-linked equations) algorithm (Pantankar, 1980). The 
numerical procedure can be briefly outlined as follows, 
,  z v
1) The steady flow is computed and taken as the initial condition for the unsteady 
flow computation. Calculation of the fields is started at the new time using the 
previous iteration values for pressure, mass fluxes and other variables. 
2) The v  and v  matrix equations in (2.34) are solved by applying SIP algorithm. 
The residual of the continuity equation is computed with the new mass fluxes 
based on the just calculated velocity field and used as the source term of the 
pressure correction equation [
z r
p matrix equation in (2.34)], which is solved by 
using SIP until the residuals has reduced to 0.1 of their values at the first 
iteration. The mass fluxes, velocity components and pressure are then 
corrected with the calculated pressure correction. These steps are repeated 
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until convergence. The convergence criterion is achieved when the sum of 
absolute residuals in all equations is reduced by four order of magnitude 
(0.01%).  
3) At convergence, the stream function, vorticity field are computed from the 
velocity field. Information about the pressure is obtained from the pressure 
field.  
4) Advance to the next time step. 
5) Advance to the next time cycle. 
 
2.3 Boundary Conditions 
2.3.1 Steady flow 
The steady flow is used in investigating the effects of the Reynolds number, the 
constriction ratio ,constriction length and constriction shape on the flow property.   
The boundary conditions of steady flow for primitive variables v ,  and z rv p  are 
described as follows.  
The incoming flow is assumed to be of parabolic velocity profile ( Poiseuillean ) 
or uniform, depends on which case is studied.  
 ( ) (20,   0,   1  Poiseuillean  or 1 uniformr z zp v v r vz )
∂ = = = − =∂  (2.35) 
The outflow is considered as fully developed.  
 0,    0,    0r zv vp
z z z
∂ ∂∂ = =∂ ∂ ∂ =  (2.36) 
Along a solid wall, non-slip condition is assured, that is, all velocity components 
are equal to zero on the wall.  
 0,    0,    0r z
p v v
r
∂ = =∂ =  (2.37) 
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Along the centerline, axisymmetric condition is applied for all variables, that is   
 0,    0,    0zr
vp v
r r
∂∂ = =∂ ∂ =  (2.38) 
 
2.3.2 Pulsatile flow 
For pulsatile inlet flow, the flow rate Q  is specified according to the type of 
pulsatile flow as described below: 
1) Physiological flow data from McDonald (1955) and Womersley (1955), as 
shown in Figure 2.3. This type of physiological flow is selected due to its direct 
relevance with the investigation of intracardiac flow, blood vessel stenosis and heart 
valvular regurgitation. It has been widely used in numerical simulations [Hale et al. 
(1955), Daly (1976), Zendehbudi and Moayeri (1999), Liao, et al. (2003)].  
2) Equivalent physiological pulsatile flow, as shown in Figure 2.4.   
 1 0.858 1 cos 2 1.405m
tQ Q
T
π  = − + +       
 (2.39) 
where  is the flow rate, Q  is the mean flow rate, T  is the time period of the 
pulsation and t  is time. This type of pulsatile flow was first used by Zendehbudi and 
Moayeri (1999). It is hoped to have the same stroke volume as the physiological flow 
profile. After integrating, the equivalent pulsatile flow can be obtained. It is also used 
by Liao et al. (2003) and Li et al. (2004).  
Q m





  (2.40) 
It’s the simplest pulsatile flow that is often used in the initial studies for pulsatile 
blood flow and many other engineering applications, e.g. Ahmed and Giddens (1984), 
Siouffi et al. (1984).  
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There three type of flows will be used to comparatively investigate the effects of 
pulsatile type, the Reynolds number, the Womersley number and the constriction 
shape on flow property in the series constricted tube. 
4) Uniform steady flow with an imposed sinusoidal fluctuation, 
 1 sin 2m
tQ Q A
T
π = +       (2.41) 
where  is the pulsating amplitude.  A
The profile of this type flow is shown in Figure 2.6, 0.A = is corresponding to the 
uniform steady flow. This type of flow is also often used in the initial studies for 
pulsatile blood flow and many other engineering applications, e.g. Huang et al. (1995), 
Lee et al. (1997), Deplano and Siouffi (1999). 
This type of flow will be used to investigate the effects of the Womersley number, 
the Reynolds number, the pulsating amplitude, the constriction ratio and constriction 
length on the flow property. 
The inlet velocity profiles at each time step is significantly different from a 
parabolic velocity profile ( Poiseuillean ) for Womersley numbers greater than about 
one (Gary, 1992). It can be carried out by hand with tables or using a simple computer 
program such as Mathematica ( He et al. 1993). In the current study the profile 
corresponding to pulsatile laminar fully developed entrance flow in a straight tube is 
employed as the inflow condition. A laminar inflow condition is appropriate for the 
Womersley number, the Strouhal number and the Reynolds number employed in the 
current study. The downstream outlet boundary conditions are specified with fully 
developed flow. The outflow is considered as fully developed. Along a solid wall, 
non-slip condition is assured, that is, all velocity components are equal to zero on the 
wall. Along the centerline, axisymmetric condition is applied for all variables.  
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2.4 Geometrical Models 
The geometrical models used in the present study are two-dimensional 
axisymmetrical smooth shape constrictions in rigid tube. It is specified as described 
below:  
1) Model C1 is a single constriction model, it follows the symmetric cosine 
curve[Deshpande et al. (1976), Young and Tsai (1973), Fukushima et al. (1982), 
Siegel et al. (1994), Zendehbudi and Moayeri (1999)]. The equation used to generate 
the geometry of the model is of the following form  
 
( )
( ) ( )
( ) 1 1 cos 2                   ;0
2 2












π  −= − + − ≤ ≤ ≤     
= − l z L≥ ≤ ≤
 (2.42) 
2) Model G1 is a single constriction model described by the symmetric Gaussian 
distribution curve [Lee and Fung (1970), Lee (1990, 1994, 2002), Lee et  al. (2003), 
Damodaran et  al.  (1996)], as follows, 
 
( )
( ) ( )
2
( ) 1 exp 4                      ;0
2







z l lR z c z l z L
l
lR z z
  − = − − − ≤ ≤ ≤    
= − l z L≥ ≤ ≤
 (2.43) 
3) Model CO is a single constriction model described by the symmetric conical 




( ) ( )
2( ) 1                      0
2 2
2( ) 1                           0
2 2










l lcR z z l z l
l
l lcR z l z z l
l
lR z z l
 = − − + − ≤ − ≤  
 = − + − ≤ − ≤  
= − z L≥ ≤ ≤
 (2.44) 
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where c  is the dimensionless constriction ratio, l  is the dimensionless distance to the 
centre of constriction from the inlet of tube, 
c
sl  is the dimensionless length of the 
constriction,  is the total length of the tube.   L
The geometry of those single symmetric models are shown in Figure 2.7.   
In the present study, the flow behaviors in these symmetric models were 
compared to investigate  the effects of the constriction shape. 
4) The geometry of the asymmetric constricted tube ( nozzle type) model is shown 
in Figure 2.8, The equation used to generate the geometry of the model is of the 
following form, 
 
( ) 1 1 cos                
2
( ) 1 1 cos                
2







c u c d
z lcR z l l z l
l
z lcR z l z l l
l
R z z l
π
π
  −= − + − ≤ ≤     
  −= − + ≤ ≤ +     
l l l z L= ≤ ≤ − + ≤ ≤
 (2.45) 
where c is the dimensionless constriction ratio, l  is the dimensionless distance to the 
plane of minimum constriction from the inlet of tube, 
c
sl  is the dimensionless length of 
the constriction, l  is upstream length of the constriction, l  is downstream length of 




This geometrical model is used to comparatively investigate the effects of 
convergent and divergent parts of constriction on flow behavior. When the length of 
the convergent part (lu) is equal to that of divergent part (ld), it becomes a symmetric 
constriction.  
5) The geometrical model of the series constricted tube is shown in Figure 2.9. 
The constrictions are modeled by two symmetric cosine curves. The equation used to 
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R z z l z l
π
π
  −= − + − ≤ ≤ ≤     
  −= − + − ≤ ≤ ≤     
= − ≥ − ≥
2 1
 





where c  is the dimensionless constriction ratio for the first constriction and the 
second constriction, respectively.  l  is the dimensionless distance to the centre of 
the first constriction and the second constriction from the inlet of tube, respectively. 
1,  c
2
1,  c cl
1,  s sl l  is the dimensionless length of the first constriction and the second constriction, 
respectively. S is the constriction spacing. L is the total length of the tube.   
This geometric model is used to investigate the influence of multiple constrictions 
in the flow field of a tube.  
 
2.5 Grid Generation 
The boundary-fitted Cartesian co-ordinate non-orthogonal grids were used in the 
present study. Although the transformed grid does look simpler than the non-
transformed one, the information about the complexity is contained in the metric 
coefficients. While the discretization on the uniform transformed mesh is simple and 
accurate, calculation of the Jacobian and other geometric information is not trivial and 
introduces additional discretization errors. The other advantage of the boundary-fitted 
non-orthogonal grids is that they can be adapted to any geometry, and that optimum 
properties are easier to achieve than with orthogonal curvilinear grids. Since the grid 
lines follow the boundaries, the boundary conditions are more easily implemented 
than with stepwise approximation of curved boundaries [Ferziger and Perić, (2001)]. 
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Chapter 3 
NUMERICAL STUDY ON STEADY LAMINAR FLOW 
THROUGH SINGLE CONSTRICTION 
 
In this chapter, the numerical procedure described in Chapter 2 is applied to  
steady laminar flow simulations. Entrance laminar flow development in a straight tube 
and steady laminar flow through the cosine curve constricted tube are considered first 
to evaluate the present numerical procedure and check the validity of the numerical 
results. The steady laminar flow through three kinds of the smooth axisymmetric 
constriction shape specified by Gaussian distribution profile, the cosine curve and 
conical shape are then studied to investigate the effects of the constriction’s shape. 
Two models of asymmetrical constriction (nozzle type) are also comparatively studied 
to investigate the effects of the convergent and divergent parts of constriction. 
 
3.1 Entrance Laminar Flow Development in a Straight Tube 
Investigation of accuracy and computational efficiency of the present method on 
laminar flow in a tube without constrictions is carried out by comparing their 
predictions with the results obtained by other researchers in the developing region of 
the entrance laminar flow in a straight tube. The dimensionless radius and length of 
the tube were taken as 1 and 25, respectively. The centerline velocity at inlet and the 
Reynolds number were taken as 1 and 100, respectively. The dimensionless velocities 
at the inflow boundary were specified by 
   0,  1r in z inv v= =  (3.1) 
The initial values of variables in the computational field set to zero except 
boundary.  
 23
Calculations were carried out for a uniform grid size of 41 and 126 nodes along 
the radial and axial directions, respectively, which gives a grid independent solution 
with the present method. The time-marching step size used in unsteady terms is 0.1; 
under-relaxation factors of 0.8, 0.8 and 0.2 were applied to vz, vr and P , respectively. 
The number of iterations required to reach convergence is 143, and the CPU time is 
42s. 
Comparison of variation in pressure at different axial distances obtained by the 
present method with that obtained by Hornbeck (1964) is plotted in Figure 3.1. 
Prediction was found to be in good agreement with the data of Hornbeck (1964).  
Figure 3.2 shows a comparison of the axial velocity development at different 
radial positions predicted by the present study with the corresponding results of 
Hornbeck(1964). The curves demonstrate perfect agreement with the results of 
Hornbeck (1964) everywhere in the tube except in the very upstream entrance region.  
For steady flow, the entrance length is defined as the dimensionless distance along 
the axis where the centerline velocity reaches 99% of its fully developed value. Table 
1 lists the comparison of the entrance length eZ  for different Reynolds numbers with 
other researchers’ data. The ratio of entrance length to Reynolds number is also 
shown for comparison. 
Table 3.1 Relationship between dimensionless  
entrance length and Reynolds Numbers 
Re  eZ / ReeZ  Remarks 
25 6.20 0.248 Present result 
40 9.68 0.242 Present result 
 9.66 0.242 He and Ku (1994) 
80 18.81 0.235 Present result 
100 22.61 0.226 Present result 
 23.26 0.232 He and Ku (1994) 
 --- 0.226 Hornbeck (1964) 
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If the velocity profile is assumed to be Poiseuille at the inlet, the fully developed 
tube flow appears. The exact solution of dimensionless pressure is  
 4
Re
zp = −  (3.2) 
The comparison of the pressure solution with the exact solution is plotted in 
Figure 3.3. The line demonstrates in perfect agreement with the theoretical solution.   
 
3.2 Steady Flow through the Cosine Curve Constricted Tube 
3.2.1 Geometrical configuration 
In the present study, the model C1 that the shape of the smooth axisymmetric 
constriction in rigid tube is specified by the cosine curve is used. The geometry of this 
models is shown in Figure 2.7. The pertinent geometrical characteristics of this model 
is summarized as that the dimensionless constriction ratio  is 0.667, the 
dimensionless distance to the centre of constriction from the inlet of tube l  is 16, the 
dimensionless length of the constriction 
c
c
sl  is 4, and the total length of the tube L  is 
32. This model  duplicates the Model M3 investigated numerically by Deshpande et  
al. (1976) and employed experimentally by Young and Tsai (1973), so that 
comparison can be made with previous numerical and experimental results to check 
the validity of the numerical results. 
 
3.2.2 Comparison between present results and available data 
Figure 3.4 compares the present numerical predications of the separation and 
reattachment points with the experimental data and other’s numerical solutions. The 
locations of separation points compare favorable. A greater disagreement is found for 
the reattachment point. This is not surprising since the reattachment points are 
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difficult to ascertain experimentally. The difference between numerical simulations is 
probably because of the outlet boundary condition formulated. Deshpande et  al. 
(1976) assumed Poiseulle flow at infinite distance downstream of constriction, while 
the present study assumes an unrestrictive flow at the outlet and allows the flow 
profile to develop on its own. However, the two results share a common validity. The 
onset of separation was observed experimentally to occur at Re = 10 (Young and Tsai, 
1973), numerically at value of 8.75 by Deshpande et  al. (1976), our calculations give 
values of 8.7. The present study gives separation more downstream than that of 
Deshpande et  al. (1976), and predicts a reattachment point more upstream than that 
of Deshpande et  al. (1976).  
Figure 3.5 illustrates the comparisons of dimensionless pressure drop for model 
C1 with that of Deshpande et  al. (1976). The agreement here is very good. 
The wall vorticity is related to the tube wall shearing stress in Newtonian flows. 
Since there is no reliable method of determining wall shear stress experimentally, the 
theoretical calculations offer some insight into the behavior of the quantity. The 
variation of maximum wall vorticity with Reynolds number is compared with data of 
Deshpande et  al. (1976) in Figure 3.6. The results are presented on the similar curve. 
The difference is obvious due to the outlet boundary condition formulated. Deshpande 
et  al. (1976) assumed Poiseulle flow at infinite distance downstream of constriction, 
while the present study assumes an unrestrictive flow at the outlet and allows the flow 
profile to develop on its own. Where the two results share a common validity, 
however, the agreement is quite good.  
The comparison between current numerical results with the experimental data and 
others numerical solutions show that the current numerical solvers are capable of 
simulating laminar flow in the constricted tube with good accuracy and stability.   
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 3.3 Steady Flow through Axisymmetric Constricted Tube  
3.3.1 Geometrical configuration 
In the present study, three models that the shape of the smooth axisymmetric 
constriction in rigid tube is specified by Gaussian distribution profile (model G1), the 
cosine curve (model C1) and conical shape (model CO) are used. The geometry of 
those models is shown in Figure 2.7. The pertinent geometrical characteristics of this 
model is summarized as that the dimensionless constriction ratio  is 2/3, the 
dimensionless distance to the centre of constriction from the inlet of tube l  is 16, the 
dimensionless length of the constriction 
c
c
sl  is 4, and the total length of the tube L  is 
32.  
 
3.3.2 Effects of the separation and reattachment points 
Comparison of the separation and reattachment points between the models C1, G1, 
CO with variable Reynolds numbers is shown in Figure 3.7. As can be seen from the 
figure, cosine-shaped constriction procedures longer vortex length than conical-
shaped constriction, but shorter vortex length than Gaussian-shaped constriction. 
Fluid flow in conical-shaped constricted tube separated slightly earlier than in 
Gaussian-shaped constricted tube at higher Reynolds number (more than 40), and 
slightly later at lower Reynolds number (less than 40). However, fluid flow in cosine-
shaped constricted tube always separated later than the others. The onset of separation 
of model C1 is occurred at a Reynolds number of 8.7, larger than the value of model 
G1, 8.0, but smaller than 12.5, the value of modal CO. Modal CO reattached earlier 
than Modal C1 and G1, while Modal G1 reattached later than Modal C1. 
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 3.3.3 Effects of dimensionless pressure drop  
Comparison of the dimensionless pressure drop between the models C1, G1, CO 
with variable Reynolds numbers is shown in Figure 3.8. It can be seen that at the low 
Reynolds number (less than 40), Gaussian-shaped constriction procedures larger 
dimensionless pressure drop than cosine-shaped constriction does, and conical-shaped 
constriction procedures smaller pressure drop than the others.  
 
3.3.4 Effects of maximum wall vorticity 
 Comparison of the maximum wall vorticity between the models C1, G1, CO with 
variable Reynolds numbers is shown in Figure 3.9. As shown with figure, conical 
shaped constriction (Modal CO) also procedures 6%-11% larger maximum wall 
vorticity than Gaussian-shaped constriction (Modal G1), 13%-28% larger than cosine-
shaped constriction (Modal C1), while Modal G1 procedures 6%-15% larger 
maximum wall vorticity than Modal C1. The discrepancy among the results of three 
modals increases with an increase in the Reynolds number.  
 
3.3.5 Effects of distribution of dimensionless pressure drop 
Comparison of the distribution of dimensionless pressure drop between the 
models C1, G1, CO at the Reynolds numbers as 100 is shown in Figure 3.10. It can be 
seen that the pressure value drops rapidly upstream of the minimum constriction plane, 
and soon follows the pressure recovery. The location of the peak pressure drop occurs 
just after the minimum constriction plane. Model CO has less pressure drop than 
model C1 and G1. However, the pressure drop of model C1 and G1 are almost same. 
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3.3.6 Effects of distribution of wall vorticity 
Comparison of the distribution of wall vorticity between the models C1, G1, CO 
at the Reynolds numbers as 100 is shown in Figure 3.11. It shows that the location of 
the maximum wall vorticity occurs just before the throat, and the Modal C1 and G1 
procedures more upstream than Modal CO. The vorticity value falls rapidly 
downstream of throat, and approaches the same order as that of fluid flow in the 
straight tube. It also can be seen that a significant  region of recirculation exists as 
evidenced by negative values of the wall vorticity. 
 Although the behavior of Gaussian-shaped and cosine-shaped constrictions are of 
similar shape and magnitude, the difference of quantity of the behavior for conical-
shaped and others type is obvious. 
 
3.4 Steady Laminar Flow through Asymmetric Constricted Tube 
3.4.1 Geometrical configuration 
The geometry of the two type of asymmetric constricted tube (nozzle type) models 
(C24 and C42) and two type of symmetric constricted tube (C22 and C44) is shown in 
Figure 2.8, where the shape of constriction is described by cosine curve. The total 
length of the tube L is 20. The dimensionless constriction ratio c is varied from 1/3, 
1/2 to 2/3. The dimensionless distance to the plane of minimum constriction from the 
inlet of tube lc is 8. The dimensionless length of the constriction ls is 4, 6, 6 and 8 for 
model C22, C24, C42 and C44, respectively. The upstream length of the constriction 
lu is 2, 2, 4 and 4 for model C22, C24, C42 and C44, respectively. The downstream 
length of the constriction ld is 2, 4, 2 and 4  for model C22, C24, C42 and C44, 
respectively. The model C22 and C44 are symmetric constriction for comparison.  
The difference of the shape corresponding to the two type of asymmetric constricted 
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tube (nozzle type) models (C24 and C42) and two type of symmetric constricted tube 
(C22 and C44) is shown in Figure 3.12. 
The characteristics of maximum wall vorticity and pressure drops are investigated 
for a flow with Reynolds number from 5 to 1000. A ring vortex might be developed 
downstream of a constriction caused by flow separation. The separation and 
reattachment points of the recirculation eddies for different constriction ratios are also 
investigated in present study.  
The comparison of stream function contours, distribution of wall vorticity, 
dimensionless pressure drop at wall and centreline, and dimensionless centreline axial 




3.4.2 Effects of stream function contour  
As the stream function contours in Figure 3.13 indicate, models C22 and C42 
produce a much longer and thicker recirculation zone than models C24 and C44 do. 
Models C22 and C42 give a similar recirculation zone profile, and so do models C24 
and C44. Since models C22 and C42, C24 and C44 have same diverging part 
respectively, it seems that the recirculation zone is mainly affected by the diverging 
part rather than converging part when other factors are under same conditions. 
 
3.4.3 Effects of distribution of wall vorticity 
Figure 3.14 illustrates the variation of wall vorticity along the axis at constricted 
part of the tube. Model C22 and C24, which have same converging part, procedure 
the same wall vorticity profile before the plane of minimum constriction. That is also 
the case for model C42 and C44. The maximum wall vorticity shifts upstream slightly 
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and the value of the maximum wall vorticity decreases when the converging part 
becomes mild and long. At Re = 100, there is a large region of separated flow as 
evidenced by the negative values of vorticity at the wall.  
Figure 3.15 shows the distribution of wall vorticity in the recirculation region. For 
the model which have same diverging part (model C22 and C42, C24 and C44, 
respectively), the locations of the separation points are almost same, the flow in the 
mild and long one separate far downstream than in the severe and short one. For the 
symmetric constriction, the flow in the mild and long one reattach far downstream 
than in the severe and short one. However, for the asymmetric constriction, the flow 
reattach just between the reattachment points produced by above mentioned two 
symmetric constrictions.   
 
3.4.4 Effects of pressure drop at wall and centreline 
Figures 3.16 and 3.17 illustrate the dimensionless pressure drop along the axis at 
the wall and at the centreline, respectively. Models which have same converging part 
procedure the same pressure drop profile before the plane of minimum constriction. 
There is a rapid fall in pressure as the constriction is approached; a maximum pressure 
drop is occurred just prior to the separation point. For the model which have same 
diverging part (model C22 and C42, C24 and C44, respectively), the locations of the 
maximum pressure drop are almost same. The location move to downstream when the 
diverging part becomes mild and long. The mild and long constriction produces more 
pressure drop than the severe and short one does. 
The comparison of pressure distribution along tube at the wall and the centreline 
with severe diverging part (model C22 and C42) and mild diverging part (model C24 
and C44) are shown in the Figures 3.18 and 3.19, respectively. Both the wall and 
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centreline pressure are similar except at the constriction regions. The pressure drop is 
greater at the wall than at the centreline. The steep gradient of the centreline pressure 
occurs prior to the rapid fall in wall pressure. After a steep drop in pressure, there 
fellows a period of pressure recovery signalled by a rise in pressure. The recovery of 
wall pressure is prior to that of centreline pressure.  
 
3.4.5 Effects of dimensionless centreline axial velocity 
The characteristics of the flow through constriction can also be described by the 
velocity profile. The variation of centreline axial velocity with axial location is shown 
in Figure 3.20. The fluid is strongly accelerated in the converging part of the 
constriction, and afterwards deceleration takes place in the diverging part. The mild 
and long constriction produces higher velocity than the severe and short one does. 
However, for the asymmetric constriction, the maximum velocity is just between the 
maximum velocities produced by symmetric constriction models C22 and C44. The 
decrease in centreline axial velocity is approximately linear in axial distance. 
 
3.4.6 Effects of Reynolds number and constriction ratio 
Figure 3.21 shows the pressure drops for the three constriction settings (C=1/3, 
1/2 and 2/3) at various Re for four models. As can be seen from the figure, the 
presence of a constriction increases the resistance that the flow experiences. The 
pressure drop for each of the models decreases as the Reynolds number increases, and 
increases as the constriction becomes narrow.  
For constriction ratio of 1/3, the pressure drop varies from largest one (C44), C42, 
C24 to smallest one (C22) at all Reynolds number of 5-1000 considered here, the 
difference of pressure for various models is the smallest among the three constriction 
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setting ratio. The pressure dropped quickly for the Reynolds number less than 500, 
dropped slowly for the Reynolds number more than 500.  
For the constriction ratio of 1/2, the greater pressure drop occurs in model C44, 
the smaller pressure drop occurs in C22, C24 and C42 shares similar value between 
C22 and C44 for the Reynolds number less than 300. As the  Reynolds number 
increased, the pressure drop are similar for C22 and C24, C42 and C44, respectively. 
The pressure dropped quickly for the Reynolds number less than 300, dropped slowly 
for the Reynolds number more than 300.  
For the constriction ratio of 2/3, the pressure drop from largest to smallest are C44, 
C42, C24 and C22, successively, for the Reynolds number less than 300. As the  
Reynolds number increased, the pressure drop are similar for C22 and C24, C42 and 
C44, respectively. The difference of pressure drop for various models is the largest 
among the three constriction ratios. The above investigations showed that the most 
important factors, which influence the pressure drop across constriction, are the 
Reynolds number and the constriction ratio. The length of constriction has an obvious 
effect on the flow when other factors are constant. 
Figure 3.22 shows details of the maximum wall vorticity plot for the three 
constriction settings (C=1/3, 1/2 and 2/3) at various Re. The maximum wall vorticity 
increases with an increase in Reynolds number and/or an increase in constriction ratio. 
The increase in maximum wall vorticity is more than 2.5 times when the constriction 
ratio rises from 1/3 to 1/2 and more than 4 times as the constriction ratio increases 
from 1/2 to 2/3. there is an exponential rise in wall vorticity as the constriction ratio 
increases. For the model which has the same convergent part (models C22 and C24, 
C42 and C44, respectively), the values of maximum wall vorticity are almost the 
 33
same, and the increase in wall vorticity is around 25% when the convergent part of 
constriction changes from mild and long one to severe and short one.   
Figure 3.23 shows the separation and reattachment points of the recirculation 
eddies formed downstream of the constriction for different constriction ratios at 
various Reynolds numbers. The formation of recirculation eddy occurs when the 
Reynolds number is above a critical Reynolds number depending on the divergent 
part of constriction and the constriction ratio. The critical Reynolds number of mild 
and long constriction is larger than that of the severe and short one. It can be seen that 
when the Reynolds number is increased, the separation point on the surface of the 
constriction where the recirculation eddy begins to form, moves slightly upstream of 
the throat. For the model which have same diverging part (model C22 and C42, C24 
and C44, respectively), the locations of the separation points are almost same, the 
flow in the divergent part of constriction that is mild and long one separate far 
downstream than in the severe and short one. When the constriction ratio is increased, 
the separation point also moves slightly upstream of the throat. The reattachment 
point where the recirculation eddy terminates on the surface of the constricted tube, 
moved downstream of the throat with an increase in Reynolds number and/or an 
increase in constriction ratio. Reattachment occurs earlier for model C22 than for 
model C44. The location of reattachment point for model C24 and model C42 is 
between these of model C22 and model C42. When the Reynolds number is less than 
the critical Re, model C24 is reattached earlier than model C42. When the Reynolds 
number is larger than the critical Re, model C24 is reattached later than model C42. 
The critical Reynolds numbers for reattachment are 800, 150 and 13.5 for the 
constriction ratio of 1/3, 1/2 and 2/3, respectively.      
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3.5 Concluding Remarks 
Laminar two-dimensional fluid flows in straight and constricted tubes are 
investigated numerically in the present study by using finite volume method in two-
dimensional boundary-fitted Cartesian co-ordinates non-orthogonal grids. This 
method is assessed by comparing its steady state solutions with the experimental data 
and other numerical solutions reported in the literature.  
The effects of three kinds of the smooth axisymmetric constriction shape specified 
by the Gaussian distribution profile; the cosine curve or conical shape were compared. 
From the numerical investigation, the following conclusions can be drawn: 
1) Cosine-shaped constriction produces longer vortex length than conical-shaped 
constriction, but shorter vortex length than Gaussian-shaped constriction.  
Gaussian-shaped constriction separates earlier and reattaches later than cosine-
shaped one, while conical-shaped reattached earlier than the others two 
modals. 
2) At low Reynolds number (less than 40), Gaussian-shaped constriction produces 
larger dimensionless pressure drop than the others. The Gaussian-shaped 
constriction produces larger maximum wall vorticity than cosine-shaped while 
conical-shaped constriction procedures smallest dimensionless pressure drop 
than the others.  
3) The quantity of the behavior for Gaussian-shaped and cosine-shaped 
constrictions is similar. However, the difference of quantity of the behavior for 
conical-shaped and others type is obvious. 
Two models of asymmetrical constriction (nozzle type) are compared with two 
models of symmetrical one at Reynolds number from 5 to 1000 with a constriction of 
1/3, 1/2 and 2/3 in the present studies. The effect of the convergent and divergent 
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parts of constriction shape is investigated. From the numerical investigation, the 
following conclusions can be drawn: 
 1) The formation of recirculation eddy occurs when the Reynolds number is 
above a critical Reynolds number depending on the divergent part of 
constriction and the constriction ratio. The critical Reynolds number of mild 
and long constriction is larger than that of the severe and short one. The 
divergent part of constriction shows more influence on the flow separation in 
the moderate constriction than in the severe constriction. The locations of the 
separation points depend on the Reynolds number, the constriction ratio and 
the shape of the convergent part and the divergent part. It’s influenced by the 
divergent part of constriction at low Reynolds number, but the convergent part 
at the relative high Reynolds number.  
2) The presence of a constriction increases the resistance that the flow experiences. 
The pressure drop decreases as the Reynolds number increases, and increases 
as the constriction becomes narrow. The difference of pressure drop in 
moderate constriction is smaller than that in the severe constriction. The 
pressure dropped quickly when the Reynolds number increased at the low 
Reynolds number range.  
3) The maximum wall vorticity increases with an increase in Reynolds number 
and/or an increase in constriction ratio. There is an exponential rise in wall 
vorticity as the constriction ratio increases. However, the increase in wall 
vorticity is around 25% when the convergent part of constriction changes from 
mild and long one to severe and short one.   
4) The most important factors, which influence the pressure drop, wall vorticity, 
the formation of recirculation eddy across constriction, are the Reynolds 
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number and the constriction ratio. The length of constriction shows an obvious 
effect on the flow when other factors are under same conditions. The larger 
Reynolds number and severer constriction may result in more complex flow 






NUMERICAL STUDY ON PULSATILE LAMINAR FLOW 
THROUGH SINGLE CONSTRICTION 
 
In this chapter, the numerical procedure described in Chapter 2 is applied to the 
pulsatile laminar flow simulations. Unsteady entrance laminar flow development in a 
straight tube is considered first to evaluate the present numerical procedure and check 
the validity of the numerical results. Different types of sinusoidal fluctuated pulsatile 
laminar flow in a tube with cosine curved smooth axisymmetric single constriction are 
then comparatively studied to investigate the effects of the Womersley number, the 
Reynolds number and pulsating amplitude. The pulsatile unsteady laminar flow 
through various cosine curved smooth axisymmetric single constriction are also 
studied to investigate the effects of the constriction ratio and the constriction length.  
 
4.1 Unsteady Entrance Flow Development in a Straight Tube 
To investigate the accuracy and computational efficiency of present method, the 
sinusoidal fluctuated pulsatile laminar flow in a tube without constrictions is carried 
out by comparing their predictions with the results obtained by other researchers in 
the developing region of the entrance laminar flow in a straight tube. The 
dimensionless radius and length of the tube were taken as 1 and 50, respectively. The 
centerline velocity at inlet is taken as 1. The Womersley number and the Reynolds 
number were taken as 12.5 and 100, respectively. The dimensionless velocities at the 











π = + 
=
  (4.1) 
A blunt entrance profile is used for the upstream flow which varied in a sinusoidal 
fashion, the initial values of variables in the computational field set to zero except 
boundary.  
Calculations were carried out for a uniform grid size of 41 and 252 nodes along 
the radial and axial directions, respectively, and the time step in each cycle of  80, 
which gives grid independent solution for present method.  
The pulsatile flows were computed over sufficiently long time for a periodic 
solution,  namely a solution that did not change measurably from one cycle to the next, 
to be obtained. Figure 4.1 shows that the velocity profile far downstream on the axis 
direction reached a periodic state within a couple of cycles. To avoid any chance for 
transient effects, all results correspond to the ten cycles. 
In order to verify the accuracy of the computational results for the unsteady flow, 
the axial velocity profile far downstream is compared with He et al. (1994) at phases 
90 degree and 270 degree in Figure 4.2. Excellent agreement is observed between our 
results with others.  
 
4.2 Pulsatile Flow through the Cosine Curve Constricted Tube 
4.2.1 Geometrical configuration 
In the present study, the model that the shape of the smooth axisymmetric 
constriction in rigid tube is specified by the cosine curve is used. The geometry of this 
models is shown in Figure 2.7. The pertinent geometrical characteristics of this model 
is summarized as that the dimensionless constriction ratioc  is varied from 1/3 to 2/3, 
the dimensionless length of the constriction sl  is varied from 1 to 4, the dimensionless 
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length of the entrance region ( )c sl l−  is 10, and the total length of the tube L  is 




 4.2.2 Pulsatile flow configuration 
The pulsatile flow specified as uniform steady flow with an imposed sinusoidal 
fluctuation is applied in current study,  
 1 sin 2 tA
T
π = +       (4.2) 
This type of flow is the most common type of unsteady flow approximated in 
most engineering applications as well as in the initial studies for pulsatile blood flow.   
The Womersley number varied from 1 to 12.5 with the Reynolds number from 20 
to 200, which is physiological relevant for most medium to small arteries [Huang et al. 
(1995), Ku (1995)]. The pulsating amplitude is varied from 0 to 2, where A is 
corresponding to the steady flow.  
The profile of this type flow is shown in Figure 4.3. In this study, the results are 
compared by considering some selected points, including four points corresponding to 
the conditions of mean accelerated, peak forward, mean decelerated and peak 
backward flow rates on each waveform, i.e., at point A , B , C  and D . The phases of 
these points are 0, 90, 180 and 270 degree corresponding to the time of 0, 0.25T, 0.5T, 
0.75T, respectively.  
This flow will be used to investigate the effects of the Womersley number, the 
Reynolds number, the pulsating amplitude, the constriction ratio and constriction 




4.2.3 Basic case: Re =100, Wo =12.5, A=1, C =1/2, ls =2 
The sinusoidal fluctuated flow with Re =100, Wo =12.5, A =1 for a moderate 
constriction C = 1/2, ls =2 will be taken as a ‘basic case’ for a number of comparisons. 
The inlet velocity profiles at four certain time steps ( phase 0, 90, 180 and 270 degree) 
are shown in Figure 4.4. It is significantly different from a parabolic velocity profile 
(Poiseuillean). The comparisons of inflow axial velocity profile of sinusoidal 
fluctuated flow with sinusoidal flow and steady flow profile are shown in Figure 4.5. 
It can be seen clearly that the velocity profile of sinusoidal fluctuated flow is obtained 
when we added the velocity profile of pure sinusoidal flow with the velocity profile of 
steady flow. Unlike steady flow using Poiseuillean velocity profile, in the current 
study the profile corresponding to laminar fully developed entrance flow in the 
straight tube is employed as the inflow condition. A laminar inflow condition is 
appropriate for the Womersley number and the Reynolds number employed in the 
current study. The downstream outlet boundary conditions are specified with fully 
developed flow. The outflow is considered as fully developed. Along a solid wall, the 
non-slip condition is assured, that is, all velocity components are equal to zero on the 
wall. Along the centerline, axisymmetric condition is applied for all variables. To 
avoid any chance for transient effects, all results correspond to the ten cycles for a 
periodic solution to be obtained.  
For arterial application, the interest is in the time-dependent flow fields. The 
instantaneous streamlines of the sinusoidal fluctuated flow show considerable 
variation through the cycle (Figure 4.6). At point A, t/T=0., where the instantaneous 
Reynolds number equals the mean one during  accelerated flow of the total flux, the 
streamline are different from those in the steady flow. The streamlines run smoothly 
through the constriction flow field with a small vortex nestled in the concavity of the 
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constriction contour, the separation and reattachment points are located close to the 
inflection point of the wall curve. As the flow accelerates to the peak flow rate point 
B, where t/T is 0.25, the attached vortex grows longer and fatter. Past the peak flux, as 
the flow decelerates, the attached vortex continues to grow in size. At  point C, 
t/T=0.5, where the instantaneous Reynolds number equals the mean one during  
decelerated flow of the total flux, the vortex occupies about 75% of the total distal 
area. When the flow rate reach its zero net flux and relatively low velocities at point D, 
t/T =0.75, the remnants of these detached vortices occupy most of the constriction 
flow area, not only distal of throat, but also the proximal to throat. When t/T further 
advances to 1., the next cycle starts and the flow follows a repeated pattern.    
Although the streamline pictures show more detail, the flow behavior can be 
shown more clearly by presenting the wall vorticity distribution at different time step 
( Figure 4.7). The instantaneous wall vorticity varies during the cycle, being higher 
than the wall vorticity of the steady flows under the same mean Reynolds number 
during some part of the cycle, and lower for the other part. The peak maximum wall 
vorticity, which also occurs close to the minimum constriction plane at the peak flow 
rate point B, is higher than the steady flow. The maximum wall vorticity at point A 
and C are also higher than steady flow where the instantaneous Reynolds number 
equals the mean one.  
For the discussion in unsteady flows, the mean wall vorticity, rather than the peak 
value, should be used as the criterion. In order to observed more clearly, the 
comparison with equivalent steady flow on the time-average wall vorticity and root 
mean square wall vorticity  distributions in one cycle are presented in Figures 4.8 and  
4.9, respectively. It can be seen that the maximum mean wall vorticity is consistently 
higher than the equivalent steady-state value.  
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The comparison with equivalent steady flow on the dimensionless pressure drop at 
various time step is shown in Figure 4.10. It is also shown the sinusoidal behavior, 
however, there is a greater lag between the pressure drops and the flow rate. This 
difference in phase is of some 30 degree of the cycle. The time-average pressure drop 
in one cycle in Figure 4.11 shows that the unsteady flow produces a more pressure 
drop than the steady flow.  
 
4.2.4 Effects of Reynolds number 
It has been know that the Reynolds number has a great influence on the flow field 
in the constricted tube for a steady flow. The effect of the Reynolds number on the 
unsteady pulsatile flow is discussed in this study. The Reynolds numbers 20, 100 and 
200 are considered here with the Womersley number fixed to 12.5, the constriction 
ratio and the constriction length fixed to 1/2 and 2, respectively. The pulsating 
amplitude A  is 1.  
The instantaneous streamline for sinusoidal fluctuated flow at Re =20 and 200 are 
shown in Figures 4.12 and 4.13, respectively. Referring to the streamlines in Figures 
4.12, 4.13 and 4.6, at point A, t/T=0., for Re =20, the streamlines run smoothly 
through the constriction flow field. However, for Re =200,  the streamlines run 
smoothly through the constriction flow field with a bigger vortex nestled in the 
concavity of the constriction contour comparing with the case of Re =100. As the 
flow accelerates to the peak flow rate point B, where t/T is 0.25, the attached vortex 
grows longest  for Re =200, and the shortest for Re =20. Past the peak flux, as the 
flow decelerates, the attached vortex continues to grow in size. When the flow rate 
reach its zero net flux and relatively low velocities at point D, t/T =0.75, the remnants 
of these detached vortices occupy most of the constriction flow area, not only distal of 
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throat, but also the proximal to throat. However, the shortest vortex is for Re =20. 
When t/T further advances to 1, the next cycle starts and the flow follows a repeated 
pattern. It can be found that the variation of Reynolds number can greatly influence 
the flow patterns.     
Since the magnitudes of the peak wall vorticity near the constriction at peak flow 
rate point B is always higher than the ones at other point, only the comparison  of 
instantaneous wall vorticity distributions at point B are presenting in Figure 4.14 for 
conciseness. The value of the maximum wall vorticity increases monotonically with 
increasing Reynolds number. The location of peak wall vorticity tends to shifts 
slightly upstream as Reynolds number increasing. The comparisons of the time-
average wall vorticity and root mean square wall vorticity  distributions in one cycle 
are presented in Figures 4.15 and 4.16, respectively. It can be seen that the maximum 
mean wall vorticity is consistently higher for higher Reynolds number than the ones 
for low Reynolds number.  
The comparisons of time-average pressure drop in one cycle for three value of 
Reynolds number is shown in Figure 4.17. Due to the effect of viscosity, Re =20 
produces a more pressure drop than the others. 
It can be concluded that the Reynolds number puts a significant impact on the 
flow behaviors. The higher Reynolds number can cause peak wall vorticity to increase 
sharply. However, the lower Reynolds number can cause the dimensionless pressure 
drop to increase sharply.  
 
4.2.5 Effects of Womersley number 
In order to elucidate the effects of the Womersley number, the details of flow 
fields for different Womersley numbers are examined without changes of the 
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Reynolds number, the pulsatile amplitude and the shape of the constriction. The 
Womersley numbers 1, 6 and 12.5 are considered here with the Reynolds number 
fixed to 100, the constriction ratio and the constriction length fixed to 1/2 and 2, 
respectively. The pulsating amplitude A  is 1.  
The instantaneous streamlines for Wo = 6 and Wo = 1 at the selected time levels 
are shown in Figures 4.18 and 4.19, respectively. Referring to the streamlines in 
Figures 4.18, 4.19 and 4.6, the differences in the flow patterns can be noticed for the 
different Womersley numbers. For a comparatively low Womersley number, the flow 
patterns look similar to those for the quasi-unsteady flow.  There is always a 
recirculating vortex to form in the downstream of constriction for the nonzero 
instantaneous flow rate for low Womersley number. The flow fields are mainly 
affected by the current instantaneous flow rate for the low Womersley number. In the 
contrast, the flow fields can be strongly influenced by the flow rates at the previous 
time levels for the high Womersley number. Since the forward flow rate predominates 
in the periodic development of the flow fields, the recirculation zone almost always 
occurs on the downstream side of constriction except at the instants flow rate being 
zero or nearly zero. It is interesting that the recirculation zones always prefer to 
simultaneously occur both proximal and distal to the constriction when the instants 
net flow rate approaches zero for each Womersley number.  
 The instantaneous wall vorticity distributions at the peak forward flow rate point 
B are displayed in Figure 4.20 for Womersley number 1, 6 and 12.5. It can be seen 
that the peak values of instantaneous wall vorticity are not greatly affected by the 
variation of the Womersley number. However, the wall vorticity downstream of the 
constriction for Wo = 12.5 recovers rapidly to the same level as that upstream of the 
constriction while this is not a case for the Womersley number 1 and 6.  
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The comparisons of the time-averaged wall vorticity and root mean square wall 
vorticity  distributions in one cycle are presented in Figures 4.21 and 4.22, 
respectively. It can be seen that the mean wall vorticity distribution are almost same 
for three different Womersley number, i.e. it is not greatly affected by the variation of 
the Womersley number.  
The comparisons of time-average pressure drop in one cycle for three values of 
Womersley number are shown in Figure 4.23. Wo = 12.5 produces a lower pressure 
drop than the others. 
It can be concluded that the high Womersley number puts a significantly affects 
the flow behavior. At a low Womersley number, the difference of Womersley number 
is not great. However, the Womersley number does not  greatly affect the maximum 
wall vorticity in the vicinity of the constriction. 
 
4.2.6 Effects of pulsatile amplitude 
In order to investigate the effects of the sinusoidal pulsatile amplitude on the 
developing flow characteristics in constricted tube, the details of flow fields for 
different sinusoidal pulsatile amplitude are examined without changes of the Reynolds 
number, the Womersley number and the shape of the constriction. The pulsating 
amplitude A  is set as 0.5, 1and 2. The Womersley numbers 12.5 are considered here 
with the Reynolds number fixed to 100, the constriction ratio and the constriction 
length fixed to 1/2 and 2, respectively.  
The instantaneous streamline for sinusoidal fluctuated flow at A =2 and 0.5 are 
shown in Figures 4.24 and 4.25, respectively. Referring to the streamlines in Figures 
4.24, 4.25 and 4.6, at point A, t/T=0., for A=2, the streamlines run smoothly through 
the constriction flow field with the vortex nestled in the center of the tube at the 
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proximal to throat. However, for A =0.5,  the streamlines run smoothly through the 
constriction flow field with a bigger vortex nestled in the concavity of the constriction 
contour comparing with the case of A =1. As the flow accelerates to the peak flow 
rate point B, where t/T is 0.25, the attached vortex grows longest  for A=2, and being 
similar for A=1 and 0.5. Past the peak flux, as the flow decelerates, the attached 
vortex continues to grow in size. Since the flow rate of A=2 is reverse now, the vortex 
occurs on the left side of the constriction. When the flow rate reach its minimum net 
flux and relatively low velocities at point D, where t/T =0.75, the remnants of these 
detached vortices occupy most of the constriction flow area at distal of throat. For 
A=2, the flow rate reaches its peak minimum value, remnants of these detached 
vortices occupy most of the constriction flow area include the proximal to throat, and 
the vortex now is separated from the wall. When t/T further advances to 1, the next 
cycle starts and the flow follows a repeated pattern. It can be found that the variation 
of pulsatile amplitude can greatly influence the flow patterns.     
The comparison  of instantaneous wall vorticity distributions at point B are 
presenting in Figure 4.26 for conciseness. The value of the maximum wall vorticity 
increases monotonically with increasing pulsatile amplitude because the flow rate is 
increased. The value of maximum wall vorticity at A = 2 is 2 times more than the 
value of A = 1 and 3 times more than the value of A = 0.5. The comparisons of the 
time-average wall vorticity and root mean square wall vorticity  distributions in one 
cycle are presented in Figures 4.27 and 4.28, respectively. It can be seen that the 
maximum mean wall vorticity is consistently higher for higher pulsatile amplitude.  
The comparisons of time-average pressure drop in one cycle for three value of 
pulsatile amplitude is shown in Figure 4.29. The high amplitude produces a more 
pressure drop than the lower ones. 
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It can be concluded that the pulsatile amplitude also puts a significant impact on 
the flow behaviors. The higher pulsatile amplitude can cause peak wall vorticity to 
increase sharply. However, the lower pulsatile amplitude can cause the dimensionless 
pressure drop decreased.  
 
4.2.7 Effects of constriction ratio  
It is obvious that the constriction ratio has a great influence on the flow field in 
constricted tube. In this study, it is discussed how the characteristics of the flow vary 
with the variation of constriction ratios for the pulsatile flow. The numerical results 
are compared for three different constriction ratios 1/3, 1/2 and 2/3. The Womersley 
numbers 12.5 is considered here with the Reynolds number fixed to 100, the 
constriction length fixed to 2 . The pulsating amplitude A  is 1.  
The instantaneous streamline for sinusoidal fluctuated flow at C = 1/3 and 2/3 are 
shown in Figures 4.30 and 4.31, respectively. Referring to the streamlines in Figures 
4.30, 4.31 and 4.6, at point A, t/T=0., for C = 1/3, the streamlines run smoothly 
through the constriction flow field. However, for C = 2/3,  the streamlines run 
smoothly through the constriction flow field with a bigger vortex nestled in the 
concavity of the constriction contour comparing with the case of C= 1/2. As the flow 
accelerates to the peak flow rate point B, where t/T is 0.25, the attached vortex grows 
longest  for C = 2/3, and the shortest for C = 1/3. Past the peak flux, as the flow 
decelerates, the attached vortex continues to grow in size. When the flow rate reaches 
its zero net flux and relatively low velocities at point D, t/T =0.75, the remnants of 
these detached vortices occupy most of the constriction flow area, not only the distal 
of throat, but also the proximal to throat. However, the shortest vortex is for C =1/3. 
When t/T further advances to 1., the next cycle starts and the flow follows a repeated 
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pattern. It is found that the variation of constriction ratio can greatly influence the 
flow patterns.     
The comparison  of instantaneous wall vorticity distributions at point B is 
presented in concisely Figure 4.32. The value of the maximum wall vorticity increases 
monotonically with narrowing constriction.. The value of maximum wall vorticity at 
C = 2/3 is 5.5 times more than the value at C = 1/3 and 3 times more than the value at 
C=1/2. The comparisons of the time-average wall vorticity and root mean square wall 
vorticity  distributions in one cycle are presented in Figures 4.33 and 4.34, 
respectively. It can be seen that the maximum mean wall vorticity is consistently 
higher for severer constriction than the ones for milder constriction..  
The comparisons of time-average pressure drop in one cycle for three value of 
constriction ratio is shown in Figure 4.35. It can be seen that more severe constriction 
produces higher pressure drops. 
It can be concluded that the constriction ratio puts a significant impact on the flow 
behaviors. The more severe the constriction, the higher are the peak wall vorticity and 
the higher dimensionless pressure drop.  
 
4.2.8 Effects of constriction length  
In order to investigate the effects of constriction length on the flow field in 
constricted tube, it is discussed how the characteristics of the flow vary with the 
variation of constriction length for the pulsatile flow in this study. The numerical 
results are compared for three different constriction length 1, 2 and 4. The Womersley 
numbers 12.5 is considered here with the Reynolds number fixed to 100. The 
constriction ratio is fixed at 1/2, the pulsating amplitude A  fixed at 1.  
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The instantaneous streamline for sinusoidal fluctuated flow at ls = 1 and 4 are 
shown in Figures 4.36 and 4.37, respectively. Referring to the streamlines in Figures 
4.36, 4.37 and 4.6, the instantaneous streamlines are similar for three cases. It can be 
concluded that the constriction length does not put a significant impact on the flow 
instantaneous streamline behaviors compared with other parameters. 
The comparison  of instantaneous wall vorticity distributions at point B is 
presented in Figure 4.38. The value of the maximum wall vorticity increases 
monotonically with decreasing constriction length.. The value of maximum wall 
vorticity at ls = 1 is 2 times more than the value of ls = 2 and 3 times more than the 
value of ls = 4. The comparisons of the time-average wall vorticity and root mean 
square wall vorticity  distributions in one cycle are presented in Figures 4.39 and 4.40, 
respectively. It can be seen that the maximum mean wall vorticity is consistently 
higher for thinner constriction than the ones for wider constriction in the axial 
direction.  
The comparison of time-average pressure drops in one cycle for three values of 
constriction ratio is shown in Figure 4.41.  
It can be concluded that the constriction ratio has a significant impact on the flow 
behavior. The thinner the constriction , the higher is the peak wall vorticity.  
 
4.3 Concluding Remarks 
In the present work, the unsteady sinusoidal fluctuated laminar Newtonian fluid 
flow through axially symmetric rigid tube with localized different shaped 
axisymmetric constriction is investigated numerically using the finite volume method 
that has been developed for solving the unsteady incompressible Navier-Stokes 
equations in a two-dimensional boundary-fitted Cartesian co-ordinates non-
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orthogonal grids. The advantage of the boundary-fitted Cartesian co-ordinates non-
orthogonal grids is that they can be adapted to any geometry, and that optimum 
properties are easier to achieve than with orthogonal curvilinear grids.  
This method is assessed by comparing its state solutions with the experimental 
data and other numerical solutions reported in the literature.  
The effects of the Reynolds number, the Womersley number, the pulsatile 
amplitude, the constriction ratio, the constriction length on fluid flow in constricted 
tube are investigated by comparing the results of instantaneous streamline, 
instantaneous wall vorticity distribution, time-average wall vorticity distribution, root 
mean square wall vorticity distribution and time average dimensionless pressure drop 
in one time cycle.  
From the numerical investigation of the sinusoidal fluctuated flows, the following 
conclusions can be drawn: 
1) The recirculation region and the recirculation points in pulsatile flows change 
in size and location with time due to the variation of the instantaneous flow rate. 
There is no constant flow stationary point in the pulsatile flow. 
2) The variation of Reynolds number can greatly influence the flow patterns. The 
maximum mean wall vorticity is consistently higher for higher Reynolds 
number than the ones for low Reynolds number. However, the lower Reynolds 
number can cause the dimensionless pressure drop to increase sharply. 
3) The recirculation zones always occur simultaneously both proximal and distal 
to the constriction when the instants net flow rate approaches zero for each 
Womersley number. The peak values of instantaneous wall vorticity are not 
greatly affected by the variation of the Womersley number. Higher Womersley 
number produces a lower pressure drop. 
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4) The variation of pulsatile amplitude can greatly influence the flow patterns. The 
maximum mean wall vorticity is consistently higher for higher pulsatile 
amplitude. The high amplitude produces a more pressure drop than the lower 
ones.  
5) The variation of constriction ratio can greatly influence the flow patterns. The 
maximum mean wall vorticity is consistently higher for severer constriction 
than the ones for milder constriction.. The more severe constriction produces 
higher pressure drops. 
6) The constriction length does not put a significant impact on the flow 
instantaneous streamline behaviors compared with other parameters. However, 
it does affect the peak value of the wall vorticity and the pressure drop. The 
thinner the constriction , the higher is the peak wall vorticity. 
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Chapter 5 
NUMERICAL STUDY ON PULSATILE LAMINAR FLOW 
THROUGH SERIES CONSTRICTIONS 
 
In this chapter, the numerical procedure described in Chapter 2 is applied to the 
pulsatile laminar flow through series constricted tube simulations. Numerical 
solutions are presented for the physiological pulsatile flow as well as for the  
equivalent physiological flow and sinusoidal pulsatile flow. The comparison of the 
numerical solutions to three types of pulsatile flows are made. The differences in their 
flow behavior are discussed. The physiological pulsatile flow through various series 
constrictions is then studied to investigate the effects of the Reynolds number, the 
Womersley number and the constriction ratio. 
 
5.1 Various Pulsatile Flow through Series Constrictions 
5.1.1 Geometrical configuration 
In the present study, series constrictions are modeled by two symmetric cosine 
curve. The geometry of this models is shown in Figure 2.9. The pertinent geometrical 
characteristics of this model is summarized as that the dimensionless constriction ratio 
for the first constriction and the second constriction c  is 1/2, equally. The 
dimensionless distance to the centre of the first constriction and the second 
constriction from the inlet of tube l  is 11 and 13, respectively. The dimensionless 






1,  c cl
s sll  is 2, equally. The 
constriction spacing S is 2. The total length of the tube L is 30. 
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5.1.2 Pulsatile flow configuration 
Three types of pulsatile flows, including the physiological pulsatile flow, 
equivalent physiological flow and sinusoidal pulsatile flow are analyzed first to 
investigate the effects of the pulsatile flow type and double constrictions. 
The Womersley number 12.5 is considered here with the Reynolds number 100, 
which is physiologically relevant for human circulation system [ Huang et al. (1995), 
Ku (1997)].   
The flow rate profile of three types of pulsatile flow is shown in Figure 5.1. In this 
study, the results are compared by considering some selected points, including four 
points corresponding to the conditions of accelerated zero, peak forward, decelerated 
zero and peak backward flow rates on each waveform, i.e., at point A (As,Ae, Ap), B 
(Bs, Be, Bp), C (Cs, Ce, Cp) and D (Ds, De, Ds) in Figure 5.1. For the sinusoidal 
pulsatile flow, As, Bs, Cs, Ds is 0, 0.25T, 0.5T, 0.75T, respectively. For the 
equivalent physiological flow, Ae, Be, Ce, De correspond to 0, 0.275T, 0.55T and 
0.775T, respectively.  For the physiological flow, Ap, Bp, Cp, Dp correspond to the 
instants 0, 0.175T, 0.325T and 0.425T, respectively.  
 
5.1.3 Development in whole pulsating cycle 
The streamline contours in one cycle for the three flows are presented in Figures 
5.2, 5.3 and 5.4 for sinusoidal pulsatile flow, equivalent physiological flow and 
physiological flow, respectively. The numerical results are compared in detail by 
considering the four points A, B, C and D. 
Although the net flow rates are all zero for the three pulsatile flows at point A, the 
backward flow rates at previous instants greatly influence the flow field at this instant. 
For the sinusoidal flow, the higher peak backward flow rate before point A puts a 
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greater impact factor on the flow field at point A. There is one larger vortex before the 
first constriction, one smaller vortex in between the two constrictions and one larger 
vortex after the second constriction. For the equivalent physiological flow, there are 
one smaller  vortex before the first constriction, one smaller vortex in between the two 
constriction and one large vortex after the constriction. Since the peak backward flow 
rate is lower, it is shown that the backward flow rate at previous instants influence the 
flow field at this instant. For the physiological flow, the recirculation zones occupy 
both distal, proximal and in between region to the constrictions. The large 
recirculation zones fill most of the flow field with only a small amount of flow next to 
the wall.  
At point B that is the peak flow rate point, the three pulsatile flows have a similar 
trend for the flow field development. A small recirculation zone begins to occur distal 
to the constrictions at this instant for each pulsatile flow. For sinusoidal flow, there is 
a larger vortex before the first constriction. For equivalent physiological flow, there is 
a small vortex before the first constriction. For physiological flow, there is no 
recirculation zone before the constrictions. Beyond point B, the inflow begins to 
decelerate, the recirculating vortex behind the first constriction and the second 
constriction becomes larger for each pulsatile flow. This phenomenon suggests that 
the flow deceleration is an important factor in vortex formation. 
At point C where the flow rate becomes zero again, the three pulsatile flows have 
very different flow fields. For sinusoidal flow, there are larger vortex occurs distal to 
the second constriction and proximal to the first constriction with only a small 
recirculation zone in between the constrictions. For equivalent physiological flow, it 
has the most complicated flow field of the three pulsatile flows at point C. There are 
two vortexes proximal to the first constriction, one is bigger and other is smaller. 
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There also are one small vortex in between the constrictions and one larger vortex 
distal to the second constrictions. For the physiological flow, the recirculation zones 
occupy both distal, proximal and in-between-region to the constrictions. The large 
recirculation zones fill most of the flow field with only a small amount of flow next to 
the center of the tube. Although at point C, there is the zero flow rate that is the same 
as that at point A, point C follows the time levels where there are forward flow rates 
at the previous time levels, which is different from point A. Affected by the forward 
flow rates at the previous time level, a large vortex occurs distal to the constrictions 
for each pulsatile flow. 
At point D where the flow rate reaches the peak backward flow rate. For 
sinusoidal flow, there is a small vortex before the first constriction and a small 
recirculation zone begins to occur in between the constrictions with a small vortex 
distal to the second constriction at this instant. For the equivalent physiological flow, 
there is a small vortex before the first constriction and a small recirculation zone 
begins to occur in between the constrictions with a larger vortex distal to the second 
constriction at this instant. The vortex distal to the constrictions for the sinusoidal 
flow is smaller than that for the equivalent physiological flow at this instant due to the 
fact that the magnitude of the peak backward flow rate for the equivalent 
physiological flow is only about three-fourth of that for the sinusoidal flow. For 
physiological flow, there is no recirculation zone before the constrictions. However, 
there are a small vortex in between the constrictions and a larger vortex after the 
second constriction. The physiological flow has a different flow field development 
from the others, since the peak backward flow rate is much less than the peak forward 
flow rate for physiological flow. Therefore, even if the flow rates reaches the negative 
peak value, the forward flow rates at the previous levels still put a significant impact 
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on the flow field and lead to the continuing development of the vortex distal to the 
constrictions. Beyond point B, the inflow begins to accelerate, the recirculating vortex 
before the first constriction and the second constriction becomes larger for each 
pulsatile flow. This phenomenon suggests that the flow acceleration is also an 
important factor in vortex formation. When flow further advances to point A, the next 
cycle starts and the flow follows a repeated pattern.    
According to the above discussion, the flow field behaviors of the three pulsatile 
flow are very similar at peak forward flow rate point B and decelerated zero flow rate 
point C. In contrast, this similarity does not exist at accelerated zero flow rate point A 
and peak backward flow rate point D. This is because the flow behaviors of the 
pulsatile flows are decided not only by the flow rate at current instant but also by the 
flow rates at the previous time instants. The waveforms of the three pulsatile flows 
from point A to point C are very similar while this is not a case for the waveforms 
from point C to point A. For the sinusoidal flow, the flow field development in the 
first half cycle is symmetric with that in the second cycle due to the flow rate of first 
half cycle of sinusoidal flow is symmetric with that in the second half cycle.  At the 
instants where the net flow rate is zero, such as at points A and C, there are always  
the recirculation zone to occur both proximal and distal to the constrictions and in 
between two constrictions for the three pulsatile flows.  
 
5.1.4 Effects of wall vorticity distribution 
The dimensionless wall vorticity is of physiological importance since it is 
proportional to wall shear stress that is often employed as indicator functions for the 
onset and  development of arterial diseases. For each pulsatile flow, the magnitudes of 
the peak wall vorticity near the constrictions at peak forward and peak backward flow 
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rates are always much higher than the corresponding ones at zero flow rates. 
Evidently, greater instantaneous flow rates leads to higher peak wall vorticity for the 
three pulsatile flows. Only the instantaneous wall vorticity distributions at point B and 
D for the three pulsatile flows and the corresponding steady flow are presented in 
Figures 5.5 and 5.6, respectively. 
From these figures, it can be seen that the wall vorticity always grows up rapidly 
and reaches its peak value in the vicinity of the constrictions. The peak wall vorticity 
for the three pulsatile flows is almost the same at forward peak flow rate point where 
their flow rates are also the same and reach the positive peak value. The value of 
maximum wall vorticity is almost three times than the corresponding steady flow. In 
contrast, this is not the case at peak backward flow rate point. The largest peak values 
of wall vorticity at backward peak flow rate occur for the simple pulsatile flow and 
the smallest one for the physiological pulsatile flow. This is due to the fact that the 
magnitude of the backward flow rate for the physiological flow is just about one third 
or one fourth as large as that for the equivalent pulsatile flow or that for the simple 
pulsatile flow, respectively. In contrast with steady flow, the larger wall vorticity 
occurs at the second constriction for pulsatile flow at peak forward flow rate point.  
The time-averaged wall vorticity and root mean square wall vorticity for the three 
pulsatile flow and the corresponding steady flow are presented in Figures 5.7 and 5.8, 
respectively, in order that the differences among the three flows can be observed more 
clearly. It can be seen that the equivalent physiological flow and sinusoidal flow have 
almost the same maximum wall vorticity while the maximum wall vorticity for the 
physiological flow is just one half as large as those for others flow. It can be 
concluded that the maximum wall vorticity will be overestimated if the equivalent 
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physiological or sinusoidal flow is used instead of actual physiological flow in the 
study of the arterial flow through stenosis. 
 
5.1.5 Effects of pressure drop 
The dimensionless pressure drop at peak forward flow rate point and the time-
average pressure drop are presented in Figures 5.9 and 5.10, respectively, in order that 
the differences among the three pulsatile flows can be observed more clearly. At peak 
forward flow rate point, the pressure drop for the sinusoidal flow and equivalent 
physiological flow are almost the same, however, the physiological flow has the 
largest drop. The pressure drop of the three pulsatile flow is larger than that of steady 
flow at this instant. The presence of a constriction increases the resistance that the 
flow experiences. After a steep change in pressure, there usually follows a period of 
pressure recovery signalled by a rise in pressure. The time-averaged pressure loss for 
sinusoidal flow is zero due to the net flow rate of sinusoidal flow being zero. The time 
average pressure drop of equivalent physiological flow and physiological flow is 
almost same due to the stroke volume of those flow being equally. The time-average 
pressure drops in pulsatile flow are all smaller than those in steady flow.     
 
5.1.6 Comparison of various pulsatile flow 
According to the above discussion, the flow field behaviors of the three pulsatile 
flows are similar at a certain point. This is because the flow behaviors of the pulsatile 
flows are influenced by the flow rate not only at the current instant but also at the 
previous instants. At the instants where the net flow rate is zero, such as at points A 
and C, there are always  the recirculation zone to occur both proximal and distal to the 
constrictions and in-between two constrictions for the three pulsatile flows.  
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The peak value and variation range of wall vorticity and pressure drop will not be 
properly estimated if the equivalent or simple pulsatile inflow is used instead of the 
actual physiological one in the study of the arterial flow through the stenosis.  
 
5.2 Physiological Pulsatile Flow through Various Series Constrictions 
In order to have a deeper understanding of the physiological pulsatile flow 
through the series constrictions, the effects of the Reynolds number, the Womersley 
number and  the constriction ratio on the flow fields are considered here.   
 
5.2.1 Geometrical configuration  
In the present study, series constrictions are modeled by two symmetric cosine 
curve. The geometry of this models is shown in Figure 2.9. The pertinent geometrical 
characteristics of this model is summarized as that the dimensionless constriction ratio 
for the first constriction c1 fixed to 1/2 with the second constriction c2 varied from 1/3, 
1/2 to 2/3. The dimensionless distance to the centre of the first constriction and the 
second constriction from the inlet of tube  is 11 and 13, respectively. The 
dimensionless length of the first constriction and the second constriction
1,  c cl l 2
21,  s sll  is 2, 
equally. The constriction spacing S is 2. The total length of the tube L is 30. 
 
 5.2.2 Pulsatile flow configuration 
Flow with  Womersley number ranging from 1 to 12.5 are considered here with 
the Reynolds number varied from 20 to 200. The profile of this type flow is shown in 
Figure 5.1. The results are compared by considering some selected points because 
these points include the key points of the physiological flow rate. The selected 
instants are 0T, 0.175T, 0.325T, 0.425T, 0.625T, 0.825T, 0.925T and 0.975T. At the 
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instants 0T, 0.325T, 0.625T and 0.925T, the net flow rates are zero or near zero. The 
flow rate reaches its positive and negative peak value at the instants 0.175T and 
0.425T, respectively. The dimensionless positive peak value is 1 and the negative 
peak value is just 0.25, that is only about one-fourth of the positive peak value.  
In this study, the physiological pulsatile flow at the Reynolds number 100, 
Womersley number 12.5 and constriction ratio 1/2 for both constrictions is considered 
as a basic case. The instantaneous stream contours over one cycle for this type of   
physiological flow have been presented in Figure 5.11.    
 
5.2.3 Effects of Reynolds number 
It has been know that the Reynolds number has a great influence on the flow field 
in the single constricted tube for a steady and unsteady flow. The effects of the 
Reynolds number on the unsteady pulsatile flow through series constrictions is 
discussed in this study. The Reynolds numbers 20, 100 and 200 are considered here 
with the Womersley number fixed to 12.5, the constriction ratio for first and second  
constriction all fixed to 1/2.  
The instantaneous streamline for physiological flow at Re =20 and 200 are shown 
in Figures 5.12 and 5.13, respectively. Referring to the streamlines in Figures 5.11, 
5.12 and 5.13, at point 0T, the net flow rates are zero. The backward flow rates at 
previous instants greatly influence the flow field at this instant. The recirculation 
zones occupy both distal, proximal and in between region to the constrictions. The 
large recirculation zones fill most of the flow field with only a small amount of flow 
next to the wall for Re = 100 and Re = 200. The second vortex is far downstream for 
the larger Reynolds number. However, for Re = 20, there is a smaller vortex in the 
distal of the second constriction.  
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At point 0.175T, that is the peak flow rate point, the three flows have a similar 
trend for the flow field development. A small recirculation zone begins to occur distal 
to the constrictions at this instant. There is no recirculation zone before the 
constrictions. Beyond this point, the inflow begins to decelerate, the recirculating 
vortex behind the first constriction and the second constriction becomes larger.  
At point 0.325T, where the flow rate becomes zero again. Although the 
recirculation zones occupy both distal, proximal and in-between-region to the 
constrictions, Re = 20 has the smallest vortex and Re = 200 has largest vortex distal to 
the second constriction. 
At point 0.425T where the flow rate reaches the peak backward flow rate, there 
are a small vortex in between the constrictions and a larger vortex after the second 
constriction. The large recirculation zones fill most of the flow field with only a small 
amount of flow next to the wall for Re = 100 and Re = 200, and the small vortex fill a 
bit of the flow field with most of flow next to the wall for Re = 20. Beyond this point, 
the inflow begins to accelerate, the recirculating vortex before the first constriction 
and the second constriction becomes larger. 
At point 0.625T, the flow rate becomes zero again. There is a small vortex before 
the first constriction, a larger vortex in between the constrictions and a longer vortex 
after the second constriction. However, the largest vortex occurs in the distal of the 
second constriction for Re = 200. 
At point 0.825T, the flow rate reaches its second peak value which is even smaller 
than the backward peak flow rate. There is one small vortex in between the 
constriction and one large vortex after the second constriction.  
At point 0.925T, the flow  rate is zero again, the flow field is similar to that of 
point 0 for three flows. 
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At point 0.975T, the flow rate reaches its second backward peak value. Since it is 
only one-tenth to the forward peak value, the flow field is also similar to that of point 
0 for three flows.  
When flow further advances to point 1T, the next cycle starts and the flow follows 
a repeated pattern.    
Thus the flow field behaviors of the three flows  are very similar for Re = 20, 100, 
and 200. However, Re = 200 always shows the largest vortex than others and the 
vortex for Re = 20 is the smallest than others.   
The instantaneous wall vorticity distributions at point 0.175T and 0.425T for the 
three pulsatile flows are presented in Figures 5.14 and 5.15, respectively. The time-
averaged wall vorticity and root mean square wall vorticity for the three models  are 
presented in Figures 5.16 and 5.17, respectively. From these figures, it may be seen 
that the wall vorticity value increases rapidly as the flow approaches constriction and 
reaches a peak value near the maximum constriction area at peak flow rate points. The 
peak value of wall vorticity increases with an increase in Reynolds number. 
Downstream of the constriction the wall vorticity decreases rapidly and reverses sign, 
which indicates a separation in the flow near the wall of the tube. An increase in 
Reynolds number causes the magnitude of the negative wall vorticity value to 
increase downstream of the constriction. This is due to an increase in the size of the 
recirculation region. The maximum value of the wall vorticity generated by the first 
constriction is same as the maximum value of the wall vorticity generated by the 
second constriction for Re = 20, and greater than the maximum value of the wall 
vorticity generated by the second constriction for Re = 100 and 200. This is because 
the recirculation eddy formed downstream of the first constriction has a diminishing 
effect on the vortices generated by the main stream near the second constriction area.    
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The dimensionless pressure drop at peak forward flow rate point, peak backward 
flow rate, time-average pressure drop and the root mean square pressure drop are 
presented in Figures 5.18, 5.19, 5.20 and 5.21, respectively. Unlike steady flow, the 
pressure drops as the flow encounter the first and the second constriction are almost 
the same for the physiological pulsatile flow. A greater drop in pressure is seen as 
more energy being used up to overcome a greater resistance presented by the 
constrictions. The presence of the second constriction increases the resistance that the 
flow experience. The pressure drop value increases rapidly with a decrease in 
Reynolds number.    
According to the above discussion, the Reynolds number puts a significant impact 
on the flow field behaviors for the physiological pulsatile flow through series 
constrictions. The higher Reynolds number can lead to more complex flow field and 
increase the wall vorticity and decrease the pressure drop rapidly.  
 
5.2.4 Effects of Womersley number 
    To investigate the effects of the Womersley number on the unsteady pulsatile flow 
through series constrictions, the Womersley number 12.5, 6 and 1 are considered here 
with the Reynolds number fixed to 100, the constriction ratio for first and second  
constriction all fixed to 1/2.  
The instantaneous streamline for physiological flow at Re =20 and 200 are shown 
in Figures 5.22 and 5.23, respectively. Referring to the streamlines in Figures 5.11, 
5.22 and 5.23, the differences in the flow patterns can be noticed for the different 
Womersley numbers. For a comparatively low Womersley number (Wo =1), the flow 
patterns look similar to those for the quasi-unsteady flow.  There is always a 
recirculating vortex downstream of the constriction for nonzero instantaneous flow 
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rates (0.175T, 0.425T, 0.825T, 0.975T) and low Womersley number. The flow fields 
are mainly affected by the current instantaneous flow rate for the low Womersley 
number. In contrast, the flow fields can be strongly influenced by the flow rates at the 
previous time levels for the high Womersley number (Wo = 12.5). Since the forward 
flow rate predominates in the periodic development of the flow fields, the 
recirculation zone almost always occurs on the downstream side of constriction 
except at the instants flow rate being zero or nearly zero (0, 0.325T, 0.625T, 0.925T). 
It is interesting that the recirculation zones always prefer to simultaneously occur both 
proximal and distal to the constriction and in between the constrictions when the 
instants net flow rate approaches zero for each Womersley number.  
All cases presented here show a phase lag between the instantaneous vortex 
developments and the imposed flow rate changes in one cycle. The phase lag is more 
evident with increasing Womersley number. The dynamic nature of the flow greatly 
depends on the frequency of the flow changes. For Wo = 1 and 6, the flow fields are 
mainly affected by the current instantaneous flow rate while for Wo = 12.5, the 
unsteady inertial forces dominate and the flow fields can be greatly affected by the 
flow rate at previous instants. This observation is consistent with our understanding 
about the Womersley number.  
The instantaneous wall vorticity distributions at point 0.175T and 0.425T for the 
three pulsatile flows are presented in Figures 5.24 and 5.25, respectively. The time-
averaged wall vorticity and root mean square wall vorticity for the three models  are 
presented in Figures 5.26 and 5.27, respectively. From these figures, it can be seen 
that the maximum values of the wall vorticity generated by the first constriction at the 
peak forward flow rate point are the same for various Womersley number. However, 
the maximum values of the wall vorticity generated by the second constriction are 
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affected by the Womersley number in the instant points.. For Wo = 12.5, the 
maximum value of the vorticity generated by the second constriction is almost the 
same as the maximum value of the wall vorticity generated by the first constriction. 
For Wo = 1 and 6, it is smaller. The maximum value of the wall vorticity generated by 
the second constriction increases with an increase in Womersley. The time-averaged 
maximum values of the wall vorticity generated by the first and second constriction, 
are the same for various Womersley numbers, and the peak value of the wall vorticity 
at the first constriction is greater than that at the second constriction. 
 The dimensionless pressure drop at peak forward flow rate point, peak backward 
flow rate, the time-average pressure drop and root mean square pressure drop are 
presented in Figures 5.28, 5.29, 5.30 and 5.31, respectively. The pressure drop as the 
flow encounter the first constriction at the peak forward flow rate point are greater 
than the pressure drop as the flow encounter the second constriction. The pressure 
drop as the flow encounters the constrictions increases with an increase in Womersley. 
The time-averaged values of the pressure drop as the flow encounters the constrictions, 
remain constant for various Womersley numbers. 
Therefore the computations show that the Womersley number affects the dynamic 
nature of the flow, but has a minimal effect on the maximum value of the wall 
vorticity generated by the constrictions and the pressure drop as the flow encounters 
the constrictions.  
 
5.2.5 Effects of constriction ratio 
To investigate the effects of the series constrictions, the constriction ratio of the 
first constriction is fixed at 1/2, the constriction ratio of the second constriction varied 
 66
from 1/3 to 2/3, with Womersley number fixed at 12.5 and the Reynolds number fixed 
at 100. 
 The streamline contours in one cycle for the geometrical models that the second 
constriction ratio taken as 1/3 and 2/3 are presented in Figures 5.32 and 5.33, 
respectively. Referring to the streamlines in Figures 5.11, 5.32 and 5.33, the 
differences in the flow patterns can be noticed for the different constriction ratios. 
At point 0T, the net flow rates are zero. The backward flow rates at previous 
instants greatly influence the flow field at this instant. For c2 = 1/3 and c2 = 1/2, they 
has a similar trend in flow field development. The recirculation zones occupy both 
distal, proximal and in between region to the constrictions. The large recirculation 
zones fill most of the flow field with only a small amount of flow next to the wall. 
However, for c2 = 2/3, there is additional vortex in the distal of the second 
constriction due to the severe second constriction. At point 0.175T, that is the peak 
flow rate point, the three models have a similar trend for the flow field development. 
A small recirculation zone begins to occur distal to the constrictions at this instant for 
each pulsatile flow. There is no recirculation zone before the constrictions. Beyond 
this point, the inflow begins to decelerate, the recirculating vortex behind the first 
constriction and the second constriction becomes larger for each pulsatile flow.  
At point 0.325T, where the flow rate becomes zero again, the three models have 
very different flow fields. Although the recirculation zones occupy both distal, 
proximal and in between region to the constrictions, c2 = 1/3 has the smallest vortex 
and c2 = 2/3 has additional vortex distal to the second constriction. At point 0.425T 
where the flow rate reaches the peak backward flow rate, the three models have 
similar flow field. There is no recirculation zone before the constrictions, however, 
there are a small vortex in between the constrictions and a larger vortex after the 
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second constriction. Beyond this point, the inflow begins to accelerate, the 
recirculating vortex before the first constriction and the second constriction becomes 
larger. 
At point 0.625T, the flow rate becomes zero again. There is a small vortex before 
first constriction, larger vortex in between the constrictions and the longer vortex after 
the second constriction. However, there is an additional vortex in the distal of the 
second constriction due to the severe second constriction for c2 = 2/3. At point 0.825T, 
the flow rate reaches its second peak value which is even smaller than the backward 
peak flow rate. There is one small vortex in between the constriction and one large 
vortex after the second constriction, with additional vortex distal of second 
constriction for c2 =  2/3.  
At point 0.925T, the flow  rate is zero again, the flow field is similar to that of 
point 0 for three models. At point 0.975T, the flow rate reaches its second backward 
peak value. Since it is only one-tenth of the forward peak value, the flow field is 
similar to that of point 0 for the three models.  
When flow further advances to point 1T, the next cycle starts and the flow follows 
a repeated pattern.    
In order that the differences among the three flows can be observed more clearly, 
the instantaneous wall vorticity distributions at point 0.175T and 0.425T for the three 
pulsatile flows are presented in Figures 5.34 and 5.35, respectively. The time-
averaged wall vorticity and root mean square wall vorticity for the three models  are 
presented in Figures 5.36 and 5.37, respectively. From these figures, it can be seen 
that the wall vorticity distribution at the second constriction is greatly different for 
there models. The severer constriction, the higher is the maximum vorticity. Unlike 
steady flow, for pulsatile flow through the tube with the severe second constriction, 
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there are two peaks at the second constriction. The maximum wall vorticity at the 
second constriction increases rapidly for severe constriction even at lower backward 
flow rate. 
The dimensionless pressure drop at peak forward flow rate point, peak backward 
flow rate, the time-average pressure drop and root mean square pressure drop are 
presented in Figures 5.38, 5.39, 5.40 and 5.41, respectively, in order that the 
differences among the three pulsatile flows can be observed more clearly. The 
pressure drop for c2 = 1/3 is smallest among the three models, while the pressure drop 
for c2 = 2/3 is largest among the three models. The presence of the second severe 
constrictions increases the resistance that the flow experience.  
According to the above discussion, the flow field behaviors of the three models  
are very similar for the model c2 =1/3 and c2 = 1/2. However, there is always an 
additional vortex distal of second constriction for model c2 = 2/3 at flow rate being 
zero or nearly being zero due to the severe constriction. The severe constriction can 
lead to more complex flow field and increases the wall vorticity and pressure drop 
rapidly.  
 
5.3 Concluding Remarks 
In this chapter, the numerical solution to three type of pulsatile laminar flow 
through series constricted tube have been obtained. Three type of pulsatile flows, 
including the physiological pulsatile flow, equivalent physiological flow and 
sinusoidal pulsatile flow are comparatively analyzed first to investigate the effects of 
the pulsatile flow type. The physiological pulsatile flow through various series 
constrictions are then studied to investigate the effects of Reynolds number,  
Womersley number and constriction ratio. 
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The results are compared at key points of the flow rate profile, including those of 
the accelerated zero, peak and second peak forward, decelerated zero, peak and 
second peak backward flow rates for each waveform.  
From the numerical investigation, the following conclusions can be drawn: 
1) The flow field characteristics of the three type of pulsatile flows are very 
similar at the peak forward point and decelerated zero point, this similarity does not 
exist at peak backward flow rate point and accelerated zero point.  
2) At the instants where the net flow rate is zero, the recirculation zones always 
simultaneously occur proximal, distal to the constrictions and in between the 
constrictions for the three types of pulsatile flow. 
3) The peak values of mean and instantaneous wall vorticity for the equivalent or 
sinusoidal flow are higher than that for physiological flow. The pressure drops for the 
equivalent or sinusoidal flow are higher than that for physiological flow.  
4) The flow characteristics cannot be properly estimated if the equivalent or 
simple pulsatile inflow is used instead of the actual physiological one in the study of 
the arterial flow through stenosis.  
5) The study about the physiological pulsatile flow shows that the recirculation 
zones occur mainly in the distal of the constriction and in-between of the series 
constrictions. There is always the fall in pressure for the time-averaged dimensionless 
pressure drop in one time cycle. This suggests that for the physiological flow, the 
forward flow rate usually predominates in the periodic development of the flow field 
because the peak backward flow rate is much less than the peak forward flow rate. 
6) The Reynolds number puts a significant impact on the flow behaviors for the 
physiological pulsatile flow. The maximum value of the wall vorticity generated by 
the first constriction is the same as the maximum value of the wall vorticity generated 
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by the second constriction at lower Reynolds number. The higher Reynolds number 
causes wall vorticity to develop rapidly, and the maximum value of the wall vorticity 
generated by the first constriction is greater than the maximum value of the wall 
vorticity generated by the second constriction. Unlike steady flow, the pressure drops 
as the flow encounter the first and the second constriction are almost the same for the 
physiological pulsatile flow. 
7) The dynamic nature of the flow greatly depends on the frequency of the flow 
changes. The cases for different Womersley numbers show that a phase lag between 
the imposed flow rate changes and the final converged flow field in one cycle is more 
evident with increasing Womersley number. For the time-averaged maximum value 
of the wall vorticity generated by the first and second constriction, they are the same 
for various Womersley number, and the peak value of the wall vorticity at the first 
constriction is greater than that at the second constriction. The pressure drop as the 
flow encounter the first constriction at the peak forward flow rate point are greater 
than the pressure drop as the flow encounter the second constriction. The pressure 
drop as the flow encounter the constrictions increase with an increase in Womersley. 
The time-averaged value of the pressure drop as the flow encounters the constrictions 
are the same for various Womersley numbers. 
8) The constriction ratio can greatly affect the characteristics of the flow field for 
the physiological flow. There is always an additional vortex distal of severe second 
constriction at flow rate being zero or nearly being zero due to the severe constriction. 
For pulsatile flow with a severe second constriction, there are two peaks at the second 
constriction. The maximum wall vorticity at the second constriction increases rapidly 
for severe constriction even at lower backward flow rate. The severe constriction can 
cause the pressure drop to increase dramatically.  
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Chapter 6 
CONCLUSIONS AND RECOMMENDATIONS 
 
Steady and pulsatile laminar flow in a constricted tube have been systematically 
studied. The effects of Reynolds number, constriction ratio, he constriction length and 
the shape of constriction curve on the flow property have been numerically 
investigated for steady laminar flow through single constricted tube. The effects of  
Womersley number, Reynolds number and pulsatile amplitude on the pulsatile flow 
have been numerically studied on different types of pulsatile laminar flow. The effects 
of constriction ratio and constriction length on the flow property have been 
numerically studied on pulsatile flow through different types of constrictions. Three 
types of pulsatile flow, namely the physiological pulsatile flow, equivalent 
physiological flow and sinusoidal pulsatile flow have been numerically simulated and 
comparatively studied on the flow through series constricted tube. The physiological 
pulsatile flow through various series constricted tube have been numerically studied 
to investigate the effects of Reynolds number, Womersley number and various 
constriction ratio. Based on the results, the following conclusions can be drawn. 
 
6.1 On the Numerical Procedure 
The finite volume method has been used to solve the fluid flow governing 
equation on a non-staggered Cartesian co-ordinates non-orthogonal grid. The flow 
governing equations are expressed in primitive variables forms. The SIMPLE 
algorithm is used to solve these equations on a non-staggered grid. The variable terms 
are  approximated by second-order difference schemes. The SIP algorithm is used in 
solving the resulting matrix equations. With this numerical method and the boundary-
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fitted Cartesian co-ordinates non-orthogonal grids, optimum properties are easier to 
achieve than with orthogonal curvilinear grids, the boundary conditions are more 
easily implemented than with stepwise approximation of curved boundaries. 
The present numerical method has been evaluated in computing steady entrance 
laminar flow development in a straight tube, steady laminar flow through the cosine 
curve constricted tube and unsteady entrance laminar flow development in a straight 
tube. Then it has been applied to the calculations of laminar steady and pulsatile flow 
in the tube with single constriction and series constrictions. 
 
6.2 On the Steady Laminar Flow through Single Constriction 
Laminar two-dimensional fluid flows in constricted tubes are investigated 
numerically in the present. The effects of three kinds of smooth axisymmetric 
constriction shapes specified by the Gaussian distribution profile; the cosine curve or 
conical shape is compared. Two models of asymmetrical constriction (nozzle type) 
are compared with two models of symmetry, at Reynolds number from 5 to 1000 with 
a constriction of 1/3, 1/2 and 2/3 in the present studies. The effects of the convergent 
and divergent parts of constriction shape are investigated.  
From the numerical investigation, the following conclusions may be drawn: 
1) The behavior of the flow through the Gaussian-shaped and cosine-shaped 
constrictions is similar.  
2)  The difference in behavior for conical-shaped and the other types is obvious. 
3) The formation of recirculation eddy occurs when the Reynolds number is above 
a critical Reynolds number (about 800, 150 and 13.5 for the constriction ratio 
of 1/3, 1/2 and 2/3, respectively) mainly depending on the the constriction ratio.  
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4) The divergent part of constriction has greater influence on the flow separation 
in the moderate constriction than in the severe constriction.  
5) There is an exponential rise in wall vorticity as the constriction ratio increases.  
6) The most important factors, which influence the pressure drop, wall vorticity, 
the formation of recirculation eddy across constriction, are the Reynolds 
number and the constriction ratio. The length of constriction shows an obvious 
effect on the flow when other factors are under same conditions.  
 
6.3 On the Pulsatile Laminar Flow through Single Constriction 
In the present works, the unsteady sinusoidal fluctuated laminar Newtonian fluid 
flow through axially symmetric rigid tube with localized different shaped 
axisymmetric constriction are investigated numerically. The effects of the Reynolds 
number, the Womersley number, the pulsatile amplitude, the constriction ratio, the 
constriction length on fluid flow in constricted tube were investigated by comparing 
the results of instantaneous streamline, instantaneous wall vorticity distribution, time-
average wall vorticity distribution, root mean square wall vorticity distribution and the 
dimensionless pressure drop.  
From the numerical investigation of the sinusoidal fluctuated flows, the following 
conclusions can be drawn: 
1) The recirculation region and the reattachment points in pulsatile flows change 
in size and location with time due to the variation of the instantaneous flow 
rate. There is no constant flow stationary point in the pulsatile flow. 
2) The variation of Reynolds number can greatly influence the flow patterns. The 
maximum mean wall vorticity is consistently higher for higher Reynolds 
number.  
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3) The recirculation zones always prefer to simultaneously occur both proximal 
and distal to the constriction when the instants net flow rate approaches zero 
for each Womersley number. The peak values of instantaneous wall vorticity 
are not greatly affected by the variation of the Womersley number.  
4) The variation of pulsatile amplitude can greatly influence the flow patterns. The 
maximum mean wall vorticity is consistently higher for higher pulsatile 
amplitude. The high amplitude produces a greater pressure drop than the lower 
ones.  
5) The maximum mean wall vorticity is consistently higher for severer 
constriction than the ones for milder constriction.. The severer constriction 
produces high pressure drops. 
6) The constriction length does not have a significant impact on the flow 
instantaneous streamline behavior compared with other parameters. However, 
it does affect the peak value of the wall vorticity (about 2 to 3 times) and the 
pressure drop (about 20 to 30 percent).  
 
6.4 On the Pulsatile Laminar Flow through Series Constrictions   
The numerical solutions to three type of pulsatile laminar flow through series 
constricted tube simulations have been obtained. Three types of pulsatile flows, 
namely the physiological pulsatile flow, equivalent physiological flow and sinusoidal 
pulsatile flow are comparatively analyzed, to investigate the effects of the pulsatile 
flow type and the constriction shape. The physiological pulsatile flow through various 
series constrictions are then studied to investigate the effects of Reynolds number,  
Womersley number and constriction ratio in series constricted tube. The results are 
compared at selected key points.  
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From the numerical investigation, the following conclusions are drawn: 
1) The flow characteristics cannot be properly estimated if the equivalent or 
simple pulsatile inflow is used instead of actual physiological one in the study 
of the arterial flow through stenosis.  
2) At the instants where the net flow rate is zero, the recirculation zones always 
prefer to simultaneously occur proximal, distal to the constrictions and in 
between the constrictions for the three type of pulsatile flow. 
3) The study about the physiological pulsatile flow shows that the recirculation 
zones occur mainly in the distal of the constriction and in between of the series 
constrictions. There is always the fall in pressure for the time-average 
dimensionless pressure drop in one time cycle.  
4) The Reynolds number puts a significant impact on the flow behaviors for the 
physiological pulsatile flow. The higher Reynolds number causes wall vorticity 
to develop rapidly. The pressure drops as the flow encounter the first and the 
second constriction are almost the same as that for the physiological pulsatile 
flow. 
5) A phase lag between the imposed flow rate changes and the final converged 
flow field in one cycle is more evident with increasing Womersley number. 
The time-averaged maximum value of the wall vorticity and the pressure drop 
generated by the first and second constrictions are not greatly affected by the 
variation of the Womersley number. 
6) The constriction ratio can greatly affect the characteristics of the flow field for 
the physiological flow. The more severe constriction can lead to more complex 
flow field. There is always an additional vortex distal of severe second 
constriction at flow rate being zero or nearly being zero due to the severe 
 76
constriction,  and even two peaks wall vorticity at the second constriction. The 
severe constriction can cause the pressure drop and the wall vorticity to 
increase dramatically. 
 
6.5 Recommendations for Future Work 
The future work can be carried out in the following areas: 
1) Multigrid methods:  
Unsteady flow simulation is usually more resource intensive. The development of 
effective numerical method is therefore of interest. The multigrid methods can be 
implemented to reduce the computational expense. 
 2) Steady turbulent flow:  
Experiment data on the steady flow in constricted tube are still limited for 
turbulent flow. More experimental data are required to improve the turbulence model. 
3) Pulsatile turbulent flow:  
Only a few numerical investigations have been undertaken for the pulsatile 
turbulent flow through constricted tube. Greater investigation is required to study the 
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(a) shape of the constriction 
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(b) geometric configuration for the constriction 
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Figure 2.8  Dimensionless geometric configuration for the asymmetric constriction 
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2.9 Dimensionless geometric configuration  
for the series constrictions 
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Figure 3.2 Dimensionless axial velocity development at different radial positions 
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Figure 3.6 Comparison of maximum dimensionless wall vorticity for model C1 
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Figure 3.7 Comparison of separation and reattachment points  


































Figure 3.8 Comparison of dimensionless pressure drop 






























Figure 3.9 Comparison of maximum wall vorticity  






































Figure 3.10 Dimensionless pressure distribution at  Re 100=
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Figure 3.14 Distribution of vorticity on wall, Re = 100 
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Figure 3.15 Distribution of wall vorticity 





Figure 3.16 Dimensionless pressure drop at wall, Re = 100 
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Figure 3.18 Dimensionless pressure distribution along tube at wall and centreline 
with severe diverging part (models C22 and C42), Re = 100 
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Figure 3.19 Dimensionless pressure distribution along tube at wall and centreline 
































































Figure 3.21  Dimensionless pressure drop  




































Figure 3.22  Maximum wall vorticity at three setting constrictions at various Re 
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(a) separation point 
 

































(b) reattachment points 
 
Figure 3.23  Separation and reattachment points  
at three setting constrictions at various Re 
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Figure 4.1 Comparison of the velocity profile  































present study, phase 90 deg.
He and Ku (1994), phase 90 deg.
present study, phase 270 deg.
He and Ku (1994), phase 270 deg.
 
 
Figure 4.2 Comparison of the velocity profile  



































































Figure 4.4 Inflow axial velocity profile of sinusoidal fluctuated flow  
For Wo = 12.5, A=1  
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(a) phase 0 degree and 90 degree 
 
 



























SINOSOIDAL FLOW 180 deg.
SINUSOIDAL FLUCTUATED 180 deg.
SINUSOIDAL FLOW 360 deg.
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(b) phase 180 degree and 270 degree 
 
Figure 4.5 Comparison inflow axial velocity profile of sinusoidal fluctuated flow 




point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.6 The instantaneous streamline for sinusoidal fluctuated flow  























Figure 4.7 Wall vorticity distribution  
at various  time step for sinusoidal fluctuated flow  































Figure 4.8 The time-average wall vorticity distribution in one cycle  


























Figure 4.9 Root mean square wall vorticity distribution in one cycle  




































Figure 4.10 Dimensionless pressure drop at various time step 





























Figure 4.11 The time-average pressure drop in one cycle 
for Re =100, Wo = 12.5, A = 1, C = 1/2, ls = 2 
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point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.12 The instantaneous streamline for sinusoidal fluctuated flow  
at Re = 20, Wo = 12.5, A = 1, C = 1/2, ls = 2 
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point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.13 The instantaneous streamline for sinusoidal fluctuated flow  
at Re =200, Wo = 12.5, A = 1, C = 1/2, ls = 2 
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Figure 4.14 Comparison of wall vorticity distribution at B (phase 90 degree)  


























Figure 4.15 The time-average wall vorticity distribution in one cycle  
for Re = 20, 100, 200 
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Figure 4.16 Root mean square wall vorticity distribution in one cycle  



























Figure 4.17 The time-average dimensionless pressure drop in one cycle  
for Re = 20, 100, 200  
 107
point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.18 The instantaneous streamline for sinusoidal fluctuated flow  




point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.19 The instantaneous streamline for sinusoidal fluctuated flow  
at Wo = 1, Re = 100, A = 1, C = 1/2, ls = 2 
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Figure 4.20 Comparison of wall vorticity distribution at B (phase 90 degree) 
























Figure 4.21 The time-average wall vorticity distribution in one cycle  
for Wo = 1, 6, 12.5 
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Figure 4.22 Root mean square wall vorticity distribution in one cycle  





























Figure 4.23 The time-average dimensionless pressure drop in one cycle  
for Wo = 1, 6, 12.5  
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point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.24 The instantaneous streamline for sinusoidal fluctuated flow  




point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.25 The instantaneous streamline for sinusoidal fluctuated flow  





























Figure 4.26 Comparison of wall vorticity distribution at B (phase 90 degree) 



























Figure 4.27 The time-average wall vorticity distribution in one cycle  






























Figure 4.28 Root mean square wall vorticity distribution in one cycle  





























Figure 4.29 The time-average dimensionless pressure drop in one cycle  
for A = 0.5, 1, 2 
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point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.30 The instantaneous streamline for sinusoidal fluctuated flow  




point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.50 
 
 




Figure 4.31 The instantaneous streamline for sinusoidal fluctuated flow  
at C = 2/3, Wo = 12.5, Re = 100, A =0.5, ls = 2 
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Figure 4.32 Comparison of wall vorticity distribution at B (phase 90 degree) 

































Figure 4.33 The time-average wall vorticity distribution in one cycle  
for C = 1/3, 1/2, 2/3  
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Figure 4.34 Root mean square wall vorticity distribution in one cycle  







































Figure 4.35 The time-average dimensionless pressure drop in one cycle  
for C = 1/3, 1/2, 2/3  
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point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.5 
 
 




Figure 4.36 The instantaneous streamline for sinusoidal fluctuated flow  




point A: t / T = 0 
 
 
point B: t / T = 0.25 
 
 
point C: t / T = 0.5 
 
 




Figure 4.37 The instantaneous streamline for sinusoidal fluctuated flow  
at ls = 4, Wo = 12.5, Re = 100, A =0.5, C = 1/2  
 117























Figure 4.38 Comparison of wall vorticity distribution at B (phase 90 degree) 

























Figure 4.39 The time-average wall vorticity distribution in one cycle  
for ls = 1, 2, 4 
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Figure 4.40 Root mean square wall vorticity distribution in one cycle  





































Figure 4.41 The time-average dimensionless pressure drop in one cycle  



















































































































Figure 5.5 Comparison of the instantaneous wall vorticity distributions  






























Figure 5.6 Comparison of the instantaneous wall vorticity distributions  



















































Figure 5.8 Comparison of root mean square wall vorticity distribution 





























Figure 5.9 Comparison of the instantaneous dimensionless pressure drop  





























Figure 5.10 Comparison of time-average dimensionless pressure drop  




































Figure 5.11 The instantaneous streamlines for physiological flow 




































Figure 5.12 The instantaneous streamlines for physiological flow 


































Figure 5.13 The instantaneous streamlines for physiological flow 
Re = 200, Wo =12.5, C1 = C2 = 1/2 
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Figure 5.14 Comparison of the instantaneous wall vorticity distributions  






















Figure 5.15 Comparison of the instantaneous wall vorticity distributions  
at peak backward flow rate points, Re =20, 100, 200 
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Figure 5.16 Comparison of time-average wall vorticity distributions  


























Figure 5.17 Comparison of root mean square wall vorticity distributions  





























Figure 5.18 Comparison of the instantaneous dimensionless pressure drop  





























Figure 5.19 Comparison of the instantaneous dimensionless pressure drop  





























Figure 5.20 Comparison of time-average dimensionless pressure drop  




























Figure 5.21 Comparison of root mean square dimensionless pressure drop  


































Figure 5.22 The instantaneous streamlines for physiological flow 


































Figure 5.23 The instantaneous streamlines for physiological flow 
Re = 100, Wo = 1, C1 = C2 = 1/2  
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Figure 5.24 Comparison of the instantaneous wall vorticity distributions  





























Figure 5.25 Comparison of the instantaneous wall vorticity distributions  
at peak backward flow rate points, Wo = 1, 6, 12.5   
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Figure 5.26 Comparison of time-average wall vorticity distributions  

































Figure 5.27 Comparison of root mean square wall vorticity distributions  































Figure 5.28 Comparison of the instantaneous dimensionless pressure drop  






























Figure 5.29 Comparison of the instantaneous dimensionless pressure drop  































Figure 5.30 Comparison of time-average dimensionless pressure drop  




























Figure 5.31 Comparison of root mean square dimensionless pressure drop  




































Figure 5.32 The instantaneous streamlines for physiological flow 


































Figure 5.33 The instantaneous streamlines for physiological flow 
Re =100, Wo = 12.5, C1 = 1/2, C2 = 2/3 
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Figure 5.34 Comparison of the instantaneous wall vorticity distributions  
























Figure 5.35 Comparison of the instantaneous wall vorticity distributions  
at peak backward flow rate points, C2 = 1/3, 1/2, 2/3  
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Figure 5.36 Comparison of time-average wall vorticity distributions  





















Figure 5.37 Comparison of root mean square wall vorticity distributions  

































Figure 5.38 Comparison of the instantaneous dimensionless pressure drop  


































Figure 5.39 Comparison of the instantaneous dimensionless pressure drop  






































Figure 5.40 Comparison of time-average dimensionless pressure drop  




























Figure 5.41 Comparison of root mean square dimensionless pressure drop  
in one time cycle, C2 = 1/3, 1/2, 2/3  
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